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Preface

This book was initially developed as part of the graduate-level course, “Control
for Robotics” offered at the University of Toronto (Canada) in 2020, within a
suite of four courses that respectively cover perception, estimation, planning,
and control. The material was later adapted and expanded for the “Optimal
Control and Decision-Making” course at the Technical University of Munich
(Germany), with further advanced topics incorporated into two followup courses,
“Advanced Topics in Robot Learning and Decision-Making” and “Autonomous
Drone Racing,” offered at the same institution. Together, this sequence of three
courses progresses from the foundations of robot control supported by interactive
examples, to state-of-the-art approaches in robot learning and decision-making
accompanied by hands-on programming exercises, and finally to pushing the limits
of current methods with real-world deployment. Over several years of teaching, we
refined and consolidated the set of course materials into a coherent journey from
theory to practice, making it suitable for students and practitioners interested in
pursuing professional careers in robotics or research in related fields.

Control or decision-making is a foundational component of any robotic
software stack. Most robots operating today are feedback control systems. The
field of control theory provides the basis for understanding the properties of
these “feedback loops” and offers a set of mathematical tools for ensuring desired
properties such as stability, robustness and performance are satisfied. A key branch
within control is optimal decision-making, which has evolved in parallel within
both the controls and reinforcement learning communities. Recent advances have
begun to unify ideas from these two domains, offering new perspectives and
algorithms for learning-based control in robotics [1].

This book provides an overview of the fundamentals of these methods,
with particular emphasis on both theory and practical insights relevant to
robotics applications. The chapters begin with the principle of optimality and
proceed to derive practical algorithms widely used in robotics, such as the
linear quadratic regulator and model predictive control. We then trace the
progression from classical model-based control methods to modern learning-based
approaches that address dynamic uncertainties and all the way to model-free
reinforcement learning approaches that optimize policies based on interaction with
the environment. Along the way, we highlight the connections between model-
based control and model-free reinforcement learning, illustrating how ideas from
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both communities can inform the design of effective decision-making systems for
robots.

With this foundation, readers will be equipped with the tools and methods
needed to develop controllers in both structured settings where system dynamics
are known, and uncertain scenarios where full system knowledge is not available.
To better illustrate the methods presented in the book and to help readers
understand their respective advantages and limitations, we provide a collection
of interactive Jupyter notebook examples (referenced in blue boxes) showcasing
the application of the algorithms in robotics. For readers interested in further
exploration, we include a set of advanced topics in the book, which are
marked with an asterisk (*) after the corresponding section titles. The final
chapter of the book presents a quadrotor case study that demonstrates the
application of the core methods on a practical robotic platform, together with
a set of programming exercises (referenced in orange boxes) and a hands-on
autonomous drone racing project (referenced in light beige boxes). A summary of
pertinent resources, along with our ongoing updates, is available on our website:
https:/ /learnsyslab.github.io/cfr/. For readers interested in related applications
from our research, please visit www.learnsyslab.org.

This book and the courses built upon its content would not have been possible
without the collective efforts of several outstanding graduate students. We
specifically acknowledge Lukas Brunke, who contributed to the model predictive
control (MPC) material in Chapter 5, Adam Hall, who supported the learning-
based MPC section in Chapter 6, and Martin Schuck, who contributed to the deep
reinforcement learning content in Chapter 8. The accompanying interactive Jupyter
notebook examples are the result of dedicated efforts from Haocheng Zhao and
Lukas Brunke, while the exercises and solutions at the end of each main chapter
involved support from Ralf Romer, Luca Worbis, and Barry Yeh. Additionally, we
thank Oliver Hausdorfer for his valuable feedback on the advanced topics covered
in the book. The accompanying codebases for the advanced programming exercises
and the autonomous drone racing project introduced in Chapter 9 were developed
under the technical lead of Oliver Hausdoérfer and Martin Schuck, respectively.
These codebases also benefited from the support of many additional members over
several iterations of the courses, including Marcel Rath, Yufei Hua, Niklas Schliiter,
Jiaming Zhang, Luca Worbis, Timo Class, and Yi Lu.
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Notation

The following lists summarize the key notation used in the book. We adhere
to notational conventions whenever possible; however, it is difficult to avoid
occasional overloading of symbols. For specific cases, please refer to the notations
defined within the respective chapters.

General Notation

]
||
min, max

inf, sup

arg min, arg max

()
V.
VZ

Vector or matrix norm

Absolute value

Minimum and maximum operators

Infimum and supremum operators

Argument of the minimum and maximum operators
Time derivative

Partial derivative operator

Second partial derivative operator

Partial derivative transpose operator

Diagonal matrix with corresponding diagonal ele-
ments

Sign function

Rank operator

Eigenvalue

Spectrum operator

Real and imaginary part operators
Exponential function

Logarithm function
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E Expected value operator
subject to Subject to

- Conditional operator

R Set of real numbers

Z Set of integers

1 Vector of ones

I Identity matrix

AT Transpose of matrix A

Al Inverse of matrix A

J- Perturbation or change in a variable or function
00 Infinity

o) Big O notation

()* Optimal solution

Optimal Control and Decision-Making

k Discrete-time index

t Continuous-time variable
N Time horizon

x System state

u Control input or action

Output or observation

Process noise or disturbance

S

Measurement noise

<

Set of Admissible states
Set of Admissible inputs

Noise or disturbance set

=4 9 K X

Set of admissible policies

&

Terminal set
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£
A,B,C
b (), N ()
Q,R,P

7T = {VO/ ,ull ceey ]’lN—l}

p(x' | x,u)

r(x,u,x"), r(x,u)

System dynamics

Linear system matrices

Stage and terminal cost functions
Quadratic cost matrices

Control policy

Accumulated cost or cost-to-go

Discount factor

Cost-to-go quadratic approximation coefficients
Feedback gain

Controllability matrix

Observability matrix

Transition probability

Expected reward

Bellman operator

Probability

Normal distribution

Mean

Standard deviation

Covariance matrix

Minkowski sum and difference operators
Error tube

Value function and state-action value function
Cumulative reward function

Rollout trajectory

Advantage function

Kullback-Leibler divergence

Polyak averaging parameter

Target parameters
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Optimization

Ais U

A(.’ )

Model Learning
Dy

Zs, Of

D

d

6,0

Objective function

Equality constraint function

Inequality constraint function

Number of equality and inequality constraints
Optimization variable

Feasible set

Hessian matrix

Lagrange multipliers

Lagrangian function

Dataset

Paired input and output datasets

Dataset size

Data index

Model parameters

Model input

Model output

Basis functions

Input and output data matrices

Data matrix associated with the basis functions
Hidden and linear layers of a neural network
Activation function

Weight matrix of the i-th layer of a neural network
Input and output of the i-th layer of a neural network
Learning rate

Regularization coefficient

Gaussian process

Mean and kernel functions



Chapter 1

Introduction to Optimal Control

In this chapter, we introduce the key ingredients of a standard optimal control
problem. Upon formulating the optimal control problem, we then present the
principle of optimality and the dynamic programming algorithm (DPA), which
together form the foundation for deriving optimal control policies. We conclude the
chapter with examples illustrating how these concepts can be used to solve robot
decision-making problems. The foundational concepts introduced here closely
follow the standard framework established in [2]; the recommended additional

reading material for this chapter is Sections 1.1-1.4 of [2].

1.1 Problem Statement

Problem of Interest: How to make multiple successive decisions, N stages, to

minimize a cost which captures undesirable outcomes?
Key Ingredients

1) Dynamics: The underlying dynamic of the system is modelled as
Xkr1 = fr(xp, ug, wy), Vke {0,1,..,N—1}, (1.1)

where k is the discrete-time index or stage, x; € X is the state of the system
with X denoting the state space, uy € Ui(xy) is the control or decision
variable with Uy (xx) denoting a set of state-dependent input constraints
(e.g., the reducing set of inputs as a robot approaches a wall), wy € Dy

is a random parameter representing disturbance or noise and follows a

1



CHAPTER 1. INTRODUCTION TO OPTIMAL CONTROL

2)

3)

probability distribution Pri(- | x¢, ux), N is a given time horizon, and fj is

the dynamics model capturing the evolution of the system state over time.

W
Uu xT
k System kit
Tk

Remark 1.1 (System State). The state of a system is intuitively the set of
quantities summarizing past information that is relevant for future prediction

or optimization.

Cost: The cost that specifies the task has the following scalar-valued additive

form:
N-1
In(xn) 4 ) Oe(xe, ue, wy), (1.2)
S k=0 ———~—"
terminal cost stage cost
accumulation

where () is the terminal cost incurred at the end of the time horizon and ¢y is

the stage cost incurred at each time step k.

Remark 1.2 (Minimizing Cost via Choices of Input). The cost is directly or
indirectly a function of the control input uy, which is what we have access to

for minimizing the cost.

Remark 1.3 (Expected Cost). Since wy is a random variable, we often consider
the expected cost:

N-1
Eq, {EN(xN) + Y Oe(xg, uk,wk)}, (1.3)
k=0

where [E,, denotes the expectation over the probability distribution of wy.
Note that minimizing the expected cost can be a big assumption in practice
as this ignores the full distribution of the cost and may result in performance

with a high variance.

Policy: The inputs u; are generated by an admissible policy

7T = {po(x0), p1(x1), ..., un-1(x¥n-1) } (14)

with uy = pg(xx) € Ur(xg) for all x; € A). Note that, a policy is said to be

admissible if the input u; is an element of the allowable set Uy (xx) for all k.

last revised: May 31, 2026



1.1. PROBLEM STATEMENT

For convenience, we denote IT as the set containing all possible admissible

policies.

Given the above ingredients, our goal is to find an optimal policy and the
associated optimal cost under stochastic uncertainty. Suppose the system starts

at an initial state xp € Xp. The expected closed-loop cost associated with a policy

wellis
N-1
Jr(x0) = Eu, {EN(xN) + ) bl Mk,wk)} with g = e (xx)- (1.5)
k=0

Definition 1.1 (Optimal Policy and Optimal Cost). Given an initial state xp € A,
an optimal policy 7* € I1is one that satisfies the following condition:

]7‘(* (XO) < ]n(xO)/ v e IL (1-6)

The optimal cost of the problem for the given xo € Ap is [*(x0) = Jr+(x0). In
general, [*(xg) = infrerr Jx(x0), where inf denotes the infimum (or, the greatest

lower bound) of the cost function.

Open-Loop vs. Closed-Loop Control: We distinguish two general types of control
methodologies:

e Open-loop: We determine a sequence of control inputs {ug, 11, ..., un_1} at

once before k = 0.

* Closed-loop: Our goal is to design a control law or policy m =
{#o, 41, ..., un—1}, and the sequence of control inputs are calculated as u; =
i (xx). In contrast to open-loop control, closed-loop methods determine the
sequence of control inputs in a “just-in-time fashion” (i.e., wait until time k to

act) based on the measured state x;, assuming we can measure xy.

Remark 1.4 (Performance of Open-Loop and Closed-Loop Control). The per-
formance of closed-loop methodologies is equal to or better than open-loop
methodologies, especially if there is uncertainty in the system. This is due to the
fact that we are making decisions based on more information (i.e., the feedback

of x).

Example 1.1 (City Navigation Problem). We are currently at location A in the

downtown area (see the map below) and would like to go to Marienplatz (red pin).

last revised: May 31, 2026 3



CHAPTER 1. INTRODUCTION TO OPTIMAL CONTROL

To get there, we need to make two decisions in sequence: first, choose between
intersections B! and BZ; then, choose between C! and C2. The available paths
connecting these intersections are shown as solid grey lines, with the corresponding
distances labeled in red. Our goal is to find the shortest path from A to the

destination M.

3
S
g
3
s &
i~ <l
£ 5
&
o
S &
S
KaufingerstraRe

E E Frauenplatz
.

a8

Frauenkirche

200 units

260 units

F 70 units

©

175 units

e Marienplatz
Vor Kurzem angesehen

La”dSc/;a,

Marienplatz @m

The problem can be formulated as a discrete-time optimal control problem over
three stages k € {0,1,2}. The state space, input space, system dynamics, and stage
cost at each stage are summarized in the table below. The terminal cost is defined

as /3(M) = 0, where M denotes the destination, Marienplatz.

Stage | State Space Input Space Dynamics Stage Cost
k X U (x) X1 = fr(Xk, ug) O (xx, )
A— B! B! 40 units
0 A

A — B? B? 175 units

B B! s ! Cct 200 units

1 B — 2 @2 150 units
B? B2 Sge @ 70 units

5 C! Cl - M M 260 units
C? C2 M M 175 units

As we more formally introduce later in this chapter, one possible approach

to solving such an optimal control problem is dynamic programming. Dynamic

last revised: May 31, 2026



1.2. THE DYNAMIC PROGRAMMING ALGORITHM

programming starts from the goal and propagates backward to find the optimal
solution at each stage. Intuitively, if the target is known, it is straightforward
to determine the immediate optimal feedback policy leading to the target, then
the previous step, and so on, working backward until the start is reached. The
annotated figure below sketches the solution following the dynamic programming
strategy. The optimal path is marked in green. Note that any truncated portion
of the optimal path also corresponds to an optimal solution to the associated
subproblem. For example, if we are at B!, then the optimal path to the destination
must be BICZM as opposed to BL1C'M; otherwise, we would have preferred this

alternative when starting from A.

There are again two options going from
A to M; the optimal action is also the one
that minimizes the cost-to-go:

min {40+325 units, 175+245 units} 175 units

if take A to B! if take A to B?
= 365 units X cost-to-go 245 units
take A to B! 40 units .

70 units

e
cost-to-go 175 units

There are two options going from B!

to M; the optimal action is the one
that minimizes the cost-to-go:
min {200+260 units, 150+175 units}
if take B' to C* if take B to C*
= 325 units 200 units

take B! to C* 175 units

start from here
@ @
cost-to-go 260 units

260 units

In this problem, we considered a deterministic setting. We can also consider
more interesting cases where the stage costs and/or dynamics are stochastic (e.g.,
due to road closures or unplanned detours). In these stochastic settings, we need to
account for the distribution of the total cost. One common approach is to minimize
the expected cost as formulated in (1.5). In practice, one may also wish to account

for extreme scenarios, for example, by using a risk measure [3].

1.2 The Dynamic Programming Algorithm

As hinted at in the city navigation problem above, we can use dynamic

programming to solve an optimal control problem. We will formalize this idea

last revised: May 31, 2026 5



CHAPTER 1. INTRODUCTION TO OPTIMAL CONTROL

in this section. We will begin by introducing the principle of optimality, which is the
basis of the dynamic programming algorithm (DPA).

Key Concept 1.1 (Principle of Optimality [2]). Suppose we have an op-
timal policy 7* = {p pi, ... uy_1} that minimizes the expected cost
Eqy, {KN(xN) +Z,I(V;01 Or(xg, g, wk)} subject to the system dynamics and con-
straints. If, while following this policy 7%, we reach a specific state x; at time i,
then the remaining part of the policy {u], u7 ¢, ..., p3_1} must be optimal for the
subproblem with the truncated cost [E, {€ N(xN) + Z,I(\I:_il Ci(xk, U, wk)} .

Intuitively, the principle of optimality says that if a path ABCDE is optimal, then
any truncated path from an intermediate position to E (i.e., BCDE, CDE, and DE)
is optimal (Figure 1.1). The principle of optimality can be shown by contradiction.
As a proof sketch, one can argue that if the truncated policy {u}, uf 1, ..., #y_1}
were not optimal for the subproblem, then one could choose an alternative policy
to further reduce the cost for the original optimal control problem. This leads to a

contradiction that the original solution is optimal.

Optimal path ~ +-------------, — Notoptimal
| | v :
Optimal for the
AS B C D truncated problem

Figure 1.1: Illustration of the principle of optimality.

The principle of optimality motivates us to find an optimal policy as a backward
search (i.e., start with the end and determine the optimal input recursively from
N —1 to 0). This idea is formalized in the DPA, which computes the optimal
cost and the associated policy by first constructing the optimal solution at the last
stage and then working backward recursively until the initial stage is reached. We
present the DPA below, and a proof of the algorithm be found in [2].

Theorem 1.1 (Dynamic Programming Algorithm [2]). Consider an initial state xo €
Xp. The optimal cost J*(xp) and an optimal policy 77* can be computed using the
DPA, which proceeds backward in time:

6 last revised: May 31, 2026



1.2. THE DYNAMIC PROGRAMMING ALGORITHM

e Initialization
Jn(xn) = In(xNn), Van € XN, (1.7)

* Recursion (going from N — 1 to 0)

Je(xi) = min By, { b (e, we, wie) + Jigr (S ue, wie) ) 1,V xi € X

€Uy (x¢) —_— —
stage cost Xk+1
cost-to-go

(1.8)

The optimal cost is J*(x0) = Jo(xo), given by the backward recursion. The optimal
policy 77 = {ug, 43, ..., uy_1} consists of control laws u; = pf(x;) that minimize

the recursive equation across all states and stages.

The key implication of the principle of optimality and consequently the DPA
is that we need to look all the way to the end to know what is optimal. We

demonstrate this idea with a simple, shortest-path problem.

Example 1.2 (Shortest or “Cheapest” Path Problem). Consider again the problem
in Example 1.1. Our goal is to find the shortest or “cheapest” path from A to M. We
can alternatively visualize this problem as a directed graph, where each possible
state is represented as a node, and possible paths with their corresponding stage

costs are denoted at the edges.

Optimal path

As before, to find the optimal policy for each state, we apply the DPA and
compute the cost-to-go values by propagating backward from the final node M.

These values are shown in red near each node. The action that achieves this

last revised: May 31, 2026 7



CHAPTER 1. INTRODUCTION TO OPTIMAL CONTROL

minimum is the optimal action from the current state. The resulting optimal path
AB!C?M is marked in green.

Now, suppose the cost from B! to C? has increased from 150 to 205 due to
construction on Sporerstrafie. What is the optimal path from A to M after this
modification? If we are at B! and greedily choose to transition to C! (which has
a lower stage cost compared to transitioning to C?), we would end up with a
suboptimal solution. In this case, we are not accounting for the fact that the cost-
to-go from C! is higher than that from C2. Thus, to determine the optimal solution,
we would need to look all the way to the end. In this case, AB'C>M remains to be

an optimal solution.

Furthermore, it should be noted that, with this modification, there exists
another possible optimal solution, AB2C?M, with the same optimal cost. In general,

while the optimal cost is unique, optimal solutions may not always be unique.

Remark 1.5 (Connection to Forward Search). The DPA allows us to systematically
solve the shortest path problem by computing the cost-to-go backward for every
possible state at each stage. Practically, if we have a fixed initial state, we
may alternatively find the optimal path through a forward search. This is the
fundamental idea behind Dijkstra’s algorithm, where we iteratively expand from
the initial state and compute the cost from the known initial state (i.e., the cost-
to-come) of the neighbouring states until the goal is reached. This is effectively a
forward version of the DPA, where we swap the roles of the goal and the initial
state. Variants such as the A* algorithm further accelerate this forward search by
evaluating nodes based on the sum of the exact cost-to-come and a lower-bound

heuristic estimate of the cost-to-go.

The DPA can also be applied to problems with continuous state and action
spaces, and to problems with constrained or discrete action spaces. To illustrate

this, we consider a simple mobile robot goal-reaching task.

Example 1.3 (Mobile Robot Goal Reaching). A ground robot is moving along a

straight line in a warehouse to scan item labels.

8 last revised: May 31, 2026



1.2. THE DYNAMIC PROGRAMMING ALGORITHM

t
x(\'

Let xp € R be its initial position and #; € R be the linear velocity command (i.e.,
the displacement over one time step). The system evolves over two time steps

according to the following dynamic model:
Xky1 = Xx + U, Vk € {0,1} (1.9)

Our goal is to determine the control inputs 1y and #; that minimize the following
cost function:
3+ 1+ (32 — 3, (1.10)

where x, € R is the goal position, and g € R, is a parameter that trades off
the objective of minimizing control effort and the objective of minimizing error in

reaching the goal position.
We will solve this problem with the DPA.

¢ Initialization

Ja(x2) = g(x2 — xg)? (1.11)
e Recursion
> Stepk =1
Ji(x1) = n;iln( i + @_&@ ) (1.12)

stage cost  cost-to-go

= min (uf + Jo(x1 +u1)) (substitute in the dynamics) (1.13)
10}

= min (u% +q(x1 +up — x8)2> (1.14)
uy

Solve for optimal u; by differentiating the cost and setting it to zero:

up = pui(x) = ~7 j_ q(xl — Xg) (1.15)

last revised: May 31, 2026 9



CHAPTER 1. INTRODUCTION TO OPTIMAL CONTROL

Substitute uq back to J1(x1):

q
Ji(x1) = m(xl — xg)? (1.16)
> Stepk =0
Jo(x0) = min (u5 + 1 (x1)) (1.17)
= min (u§ + J1(xo + uo)) (substitute in the dynamics) (1.18)
o
= n%n <u% - 7 1{7 (xo + up — xg)2> (1.19)

Similarly, solve for optimal u( by differentiating the cost and setting it to zero:

up = ps(xo0) = _1—I—qu(XO = xg) (1.20)

Substitute 1 back to Jo(xp):

Jo(x0) = 7 ﬁZq(xO — xg)? (1.21)

Note that the optimal policies y; and uj are feedback laws—they map the current
state xj to an action u;. In the extreme case where g — oo, we have pg(xp)* =
—(x0 — x¢)/2 and pj(x1) = —(x1 — x¢), which drive the robot exactly to the target
position in two steps. On the other hand, if 4 = 0, we do not penalize any deviation
from the goal state, and the optimal policies are minimal-effort solutions with
o (x0)* = ui(x1) = 0, which keep the robot stationary at x.

Remark 1.6 (Certainty Equivalence). In the example above, we considered the
dynamics of the system to be deterministic. If we add zero-mean random noise to
the dynamics, the optimal policy would be unaffected. To see this, let the dynamics
of the system be

Xkp1 = X +ug +wg, Yk € {0,1}, (1.22)

where wy and w, are random variables with zero mean and finite variance. We can
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rewrite the cost at stage 1 as

J(x1) = rr}&n Ew, {u% + q(x1 +up +wyp — xg)z} (1.23)

. 2
= min (u% +q(x1 4+ w1 — xg)” + 2qBewdwif (v1 + u1 — xg) + gEq, {wi} )
constant w.r.t. 1,

(1.24)

The minimization problem is equivalent to
. 2 2
J(x1) = min (ul +q(x1 + 1 — xg) ) (1.25)

which is identical to the case without additive noise. This property is called

certainty equivalence and holds for several types of linear quadratic problems [2].

Definition 1.2 (Certainty Equivalence). Certainty equivalence is said to hold if the
optimal policy for a stochastic problem is identical to the policy obtained when the

random variables are replaced by their expected values:

N—-1
argmin - Eq, {EN(XN) +) fk(xk,uk,m)}
k=0 (1.26)

N-1
=argmin In(xn) + Y Ce(xp g, B {wi}).
nell k=0

Example 1.4 (Mobile Robot Goal Reaching with Bounded Inputs). Suppose now
that, in the mobile robot example, the input is bounded within the set Uy (xx) =
U={ueR| —1<u <1} fork € {0,1} and x € R. Find the optimal policy for
the first two time steps.

We will again solve the problem with the DPA.

e Initialization

J2(x2) = g(x2 — xg)2 (1.27)
e Recursion
> Stepk =1
Ji(x1) = min (14 q)uf+2q(x1 — xg)us +q(x1 — xg)%, (1.28)
—1<u;<1 —— ——
(SX] (5}61
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Given the input constraints, we have three possible cases for J;(x;)

depending on the value of the state error éx; = x1 — xg:

1 if dx; < —T
= p(x) = ‘11&1 if _1+q<5m<1;q (1.29)
—1 otherwise.

The policy in the second case is identical to the unconstrained solution
from Example 1.3, while the other two cases clamp the input to its constrained
bounds. Note that the boundaries of the different cases depend on the value
of . When g is smaller, we care less about the state error and thus we less
likely saturate the input; as a result, the interval of éx; corresponding to the
second case (i.e., the range of dx; for which the input constraints are inactive)

becomes wider. The corresponding optimal cost is

(1+4q) +296x1 +q6x3 if5x1<—1—{;_q
hx) = § Lox? if - <o <20 A30)
(14+9) —290x1 +qx? otherwise.
> Stepk =0
Jo(xo) = min  ud+ J1(xo + uo), (1.31)

—1§u0§1

where [ is defined in (1.30). For each of the [, cases in (1.30), we have three
cases depending on the value of the state error xg = x¢ — x,, though not all
possible cases will arise. After some calculations (see Table 1.1), one can show

that we arrive at the following feasible cases:

1 if 6xp < —#
Uy = i (x0) = § —pldxy if — % < 6xp < “j% (1.32)
—1 otherwise.
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The corresponding Jo(xo) is

q6x3 +4q6xo+4q+2 if (5x0<—ﬂ
Jo(xo) = § —9__5x2 it — 112 sy <1720 (133)
1+2g q

q6x3 —4q6x0 +4q+2 otherwise.

Example 1.5 (Mobile Robot Goal Reaching with Discrete Inputs). Consider again
the problem in Example 1.3. We now restrict the inputs to two possible values
Ur(xg) =U = {-1,1} for k € {0,1} and x € R. Our goal is to find the optimal
policy for the first two time steps.

We will solve this problem again with the DPA but subject to the given input

constraints.

e Initialization

Ja(x2) = 4(x2 — xg)° (1.34)
e Recursion
> Stepk =1
Ji(x1) = min (13 + J2(x2)) (1.35)
Uy
= mig (u% + J2(x1 + ul)) (substitute in the dynamics) (1.36)
u e
. 2
= min (u% +q(x1 +u1 — x4) ) (1.37)

Since the input space is constrained to two values, we have the following two

possible values for J;(x1):

gx1 —xg)> + (1+q) —2q(x1 —xg) ifug = -1

Ji(x1) = (1.38)
g1 —xg)> + (14+q) +2q(x1 —xg) ifug =1

At each state x; € R, the optimal input u; is the value u; € {—1,1} that
minimizes J;(x1). If we inspect (1.38) closely, the two cases are equal when

the state error 6x; = x; — xg is zero. It is not hard to verify that the optimal
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14

policy has the following two cases:

) 1 if 0x <0

U = pi(x1) = (1.39)
-1 if éx1 >0

= —sgn(dx1), (1.40)

where sgn(-) is the sign function that has a value of 1 if its argument is
positive, —1 if negative, and 0 if zero. Intuitively, this feedback law (1.39)
commands the input velocity to act in the opposite direction of the current
position error Jxi, steering the system towards the goal. In contrast to the
unconstrained input case in Example 1.3, with the discrete input case, we

have a policy that takes on only two values.

Substitute 17 back to J1(x1):

qox? + (1+q) +2q6x; if dx; <0
Jilxy) = ; ' (1.41)
goxi+(1+q)—2qdx; if ox3 >0
We can also rewrite it in a more compact form:
Ji(x1) = q.6x3 + (1 +¢) — 29 sgn(dx1) 631, (1.42)
=063+ (1+q) — 29 |6x1]. (1.43)

Note that, in the above derivation, we make use of the identity sgn(z) z = |z|

for some z € R.

Stepk =0
Jo(xo) = min (ug + J1(x1)) (1.44)
= mirL} (u§ + J1(x0 + uo)) (substitute in the dynamics) (1.45)
U €
= {{nérlx} (ug + q(x0 + 1o — xg)* + (L +q) — 29 |xo + 1o — xg|)  (1.46)
0

Similarly, given the discrete input set I/, we have the following two possible
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values for Jo(xp):

q(xo — xg)> +2(1+q) —2q(xg — xg) —2q |xo — 1 — x| ifug=—1
(1.47)
Note that the two expressions for Jo(xp) differ only in the last two terms. For

q(x0 — xg)? +2(1+q) +29(x0 — xg) —2q |x0+ 1 — x| ifug=1
Jo(x0) =

convenience, we define

ca(x0 — xg) = 29(x0 — x¢g) —2q|x0 +1 — x|, and (1.48)
cp(x0 — xg) = —2q(x0 — x¢) — 24 |x0 — 1 — xg|. (1.49)

There are three possible cases based on the value of the error term dxp =
Xp — Xg:

€y 0xg < cpOxg if dxp < —1

CpOxp =Ca0x9 if —1< dxp <1 (1.50)

C,0xg > cpoxg if dxpg > 1.

Based on this observation, we have the following optimal policy:

1 if dxp < —1
up = py(x0) =4 lor—1 if —1<dxg <1 (1.51)
—1 if 0xg > 1,
which can be written as
. lor—1 if —1<dxg<1
o = i (x0) = (1.52)
—sgn(dxp) otherwise.

Note that, for the case where —1 < dxy < 1, we have ¢, dxg = ¢ dxy, which

implies that choosing either input will lead to the same cost.

Substitute 1o back to Jo(xp):

qx%+2(1+q) 4+ 29 6x0 — 2q |6x0 + 1| if 6xp < —1
Jo(xo0) = q qox3+2(1+4q) —2q if —1<éxy<1 (1.53)
q8x3+2(14q) — 29 6x0 —2q |6x9 — 1] if 6xp > 1.
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The expression of Jo(xg) can be further simplified to

q6x3+2(144q)—2q if —1<dxy<1
Jo(xo) =
qx3+2(1+q) —2q|6x0| —2q |6x0 — 1| otherwise.

(1.54)

As shown in the simple mobile robot examples above, DPA can be applied
to optimal control problems with input constraints; however, in more general
settings, solving a finite-horizon optimal control problem with input constraints is
not necessarily trivial. To efficiently address such problems in practice, a receding-
horizon approach (i.e., model predictive control) is often used. We will cover this

topic in a later chapter.

<[> See Jupyter notebook 1.1 for example implementation of the DPA.

Chapter Summary

Basic problem:

¢ Dynamics
Xer1 = fie(xe, up, wi), Vk e {0,1,..,N -1} (1.55)
X € Xy, up€ Z/l(xk) C Cr, wi€ Dy, (1.56)
Wy ~ Prk(- | X, uk) (1.57)
¢ Cost
N-1
Jr(x0) = Eu {EN(XN) + ) bl Mk,wk)} (1.58)
k=0
Principle of optimality: Consider an optimal policy 7* =
{u(x0), ui(x1), o w1 (xn-1) }- The truncated optimal policy

{wi (i), i1 (xig1), o g1 (xn—1)} is optimal for any resulting state x; at
time i.

DPA: We solve the problem in a backward manner (proof in [2, Sec. 1.3]). For
any initial state, xg € X}, the optimal cost J*(xp) is equal to Jo(xo) given by a
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1.2. THE DYNAMIC PROGRAMMING ALGORITHM

recursive algorithm:
e Initialization Jy(xN) = ¢n(xN) for all x5 € Xy
* Recursion ]k(xk) = minukeu(xk) IEZUk {gk(xk/ Uk, wk) + ]k+1 (fk(xk/ Uk, wk)) }

* Find u; = pi(xx)
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Table 1.1: A summary of the nine possible cases for stage k = 0. The first column corresponds to the three possible regions of the cost-to-go function J;
defined in (1.30). The second and third columns show the bounds on xg derived from the corresponding interval of x; and from the input constraints on uy,
respectively. The fourth column indicates whether the two bounds define a feasible (i.e., non-empty) range. The final column provides the optimal input 1

for each case.

Region of [ | Bound on x( from x; Region (with u) Bound xy from Input Constraint | Feasible Case? | Expression of ug
uoE[—l,l}
1 142 142
Upper xo—xg+(—1)>#:>x0—xg> t2 Xo — Xg > t2 Yes ug = —1
q 1+g¢g 1 1+2g q
Upper Xg—X¢— ——(xg—x¢—1) > —F = xp Xg—Xg € |——, ——— No Ug = — (xo—x¢—1)
§ 1+4gq § q Tl 1+q §
1+2g
Xg > ——
1 1 1
Upper xofxg+1>#:>xofxg>6 xofxg<f§ No ug =1
1 1 142
Inner xo—xg +(-1) € —%,#} = X0 — | Xp—Xg > +2 No ug = —1
{ 1 1—|—2q]
xXg € |—=, ——
q q
q 1+29 1+2g q
I - - 1 (x - N e Y =—_1_
nner Jio Xg 1+2q(x0 Xg) Xo — Xg p p es U 1+2q(x0 <)
14+qg 1+9
- = X0 — Xg
L 9 q
142 1+2ﬂ
|
1 1 142
Inner Xo—xg+1¢€ —%,#} = X0 — Xg xo—xg<—¥ No ug =1
[_1+29 1}
9 'q
1 1 1
Lower xo—xg+(—1)<—#$x0—xg<—a xo—xg>6 No ug = —1
q 1+g¢g 1+29 1 q
Lower X0 — Xg — (xg—x¢+1) < ——F = | xg—xg € {—7,7 No uyg=———(xg—x¢+1
o 14g ¢ q ¢ 9 'q 1+q A
1+2g
Xg—Xg < ————
q
1 142 1
Lower xo—xg+1<—#:>xo—xg<—% xo—xg<—+72q Yes ug =1
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1.3. EXERCISES

1.3 Exercises

Exercise 1.1 (Short Questions). For the problems below, select the option(s) that
best answer each question and justify your selection(s).

a) In the formulation of an optimal control problem, what is the purpose of the
stage cost (i (xk, uy, wy) and terminal cost £y (xn)?
(A) To model the evolution of the system dynamics over time.
(B) To capture the desirable outcomes or penalties incurred at every stage.
(C) To specify constraints on the admissible control inputs at every stage.
)

(D) To define the probability distribution of random disturbances affecting
the system.

b) Suppose you are programming a robot to perform a navigation task. What
do you need to know to come up with an optimal strategy for executing the
task?

(A) An expression capturing desired outcomes (a cost function).
(B) A model of the robot behaviour (system dynamics).
(C) The robot’s past experience (a history of the robot’s states).

)

(D) Physical constraints of the robot (input constraints).

c) Consider a system where both open-loop and closed-loop control methodolo-
gies are being evaluated for performance. The discrete system dynamics are
given by xi1 = Axy + Buy, where x; is the state vector and uy, is the control
input. The performance of the control methodologies is assessed based on
the ability to reject disturbances and track a reference signal. Select all true

statements.
(A) Open-loop control relies on the system model and does not use feedback
from the state vector x;.

(B) Open-loop control is generally more robust to disturbances and model

uncertainties compared to closed-loop control.

(C) Closed-loop control requires a precise model of the system dynamics to

function effectively.

(D) Closed-loop control can compensate for model inaccuracies and external

disturbances by using feedback from the state vector xj.

d) According to the principle of optimality, if a path ABCDE is deemed optimal,
what can be inferred about the subpath CDE for the subproblem from C to E?
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(A) The subpath CDE can be suboptimal for the subproblem.
(B) The subpath CDE is optimal for the subproblem.

(C) There can be another subpath other than CDE that is optimal for the
subproblem.

(D) The subpath must be independently recalculated to verify optimality.

e) Which of the following statements about the principle of optimality are

correct?
(A) An optimal policy for a problem remains optimal for all possible
subproblems derived from it.

(B) Let @ = {po,p1,-..,un—1} be a suboptimal policy. = Then,
the truncated policy {pj, pi+1,..,fin—1} cannot be optimal for the
subproblem, where we are at x; at time i and want to minimize
Ew, {EN(XN) + Y0 O (x ug, wk)}-

(C) To obtain the optimal policy, we need to solve for all possible trajectories

simultaneously.

(D) It guarantees that open-loop control will outperform closed-loop

control.

f) Which of the following statements about the DPA are correct?

(A) It provides a feedback policy.
(B) It solves the problem backwards.
(C) It also applies to nonlinear system dynamics.

(D) It only works for finite input and state spaces.

g) Which of the following statements about the certainty equivalence principle

are correct?
(A) Certainty equivalence assumes that the stochastic disturbance wy can be
replaced by its expected value when designing the control policy.

(B) Certainty equivalence is guaranteed to lead to a control policy that is

optimal for the actual stochastic system.

(C) Certainty equivalence holds in a linear quadratic optimal control
problem when the disturbance is additive and the random variable wy

has zero mean and finite variance.

(D) If E[wy] = 0, the optimal policy is the same as without the disturbances.

Exercise 1.2 (Shortest Path Problem).  Consider the directed graph shown in
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Figure 1.2. Find the shortest path from nodes A and B to node C by using the

DPA. Assume that the cost to remain at any node is zero.

Figure 1.2: Directed graph for the shortest path problem in Exercise 1.2.

Exercise 1.3 (Shortest Path Problem).  Consider the directed graph shown in
Figure 1.3. Find the shortest path from the start node (S) to the terminal node (T)
by using the DPA. Assume that the cost to remain at any node is zero.

Figure 1.3: Directed graph for the shortest path problem in Exercise 1.3.

Exercise 1.4 (Mobile Robot Goal-Reaching Problem). Consider again the mobile
robot goal-reaching setup in Example 1.3 but with the dynamics of the robot
represented as

Xjp1 = Xk + g + wy, ke {0,1}, (1.59)

where k is the discrete-time index, x; € R is the position of the robot, u; € R is the
normalized velocity input (i.e., the distance driven in one time step), and wy € Ris
a disturbance (e.g., caused by variations in the terrain). The initial position of the

robot is xg = —1. Our goal is to minimize the cost function given by

1
Eq, {x% +) (g2 + ru%)} , (1.60)
k

=0
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where g > 0 and r > 0 are constant scalars. No actuation constraints are imposed

on u.

a) Given the cost function and initial position, how do you expect the policy
found using the DPA to behave? How do you expect different values of g and

r to change the robot’s behaviour?
b) Let g = 5/2 and r = 1 and assume that wy = 0 for all k. Find the optimal
policy and J(xo).

c) We keep q = 5/2 and r = 1, but now assume there is some variation in the
terrain causing the disturbance to follow a distribution with mean E[wy] = 1
and variance Var[wy] = 1 for k = {0,1}. The disturbance could represent
rocks, hills, and slippable terrain along the path that either helps or hinders
the robot’s motion. Find the optimal policy and J(xo). Hint: Recall that
Var[y] = E[y*] - E[y]*

d) Comment on any differences in the solutions you obtained for parts b) and c).

Exercise 1.5 (Constrained Mobile Robot Goal-Reaching Problem). Consider again
the mobile robot goal-reaching setup in Exercise 1.4. We now apply the DPA to find
the optimal control policy with input and state constraints.

Recall that the dynamics of the robot are represented as
Xkl = X + Ug + Wy, ke {O, 1}, (1.61)

where k is the discrete-time index, x; € R is the position of the robot, u; € R is the
normalized velocity input, and wy € R is a disturbance. The initial position of the

robot is xg = —1. For simplicity, for this problem, we assume wy, = 0 for all k.

Our goal is to minimize the cost function given by

1
Eq, {x% + ) (ga + ru%)} , (1.62)
k=0

where g = 5/2 and r = 1 are constant scalars.

a) Apply the DPA to find the optimal control policy, but now assume the

input u; can only take the two values 1 and —1.

b) Assume the input u; is again continuous and unconstrained, but the robot
is operating near an obstacle such that its state is restricted to x; < —0.5 for
k € {1,2}. Find the new optimal policy and J(xp).
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Chapter 2

Linear Quadratic Optimal Control

In the previous chapter, we introduced the basic problem of decision-making under
stochastic uncertainty over a finite time horizon and the DPA that allows us to find

an optimal closed-loop policy with respect to the expected cost.

In this chapter, we focus on a special class of optimal control problems with
linear quadratic structure—that is, problems where the system dynamics are linear
and the cost function is quadratic. In the context of stabilization problems, these
are commonly referred to as linear quadratic regulator (LQR) problems. The linear
quadratic structure of such problems allows us to apply the DPA more efficiently.
In the infinite-horizon cases, if the necessary assumptions are satisfied, finding the

optimal policy boils down to solving a matrix quadratic equation.

We will begin the chapter by deriving the optimal policy for the LQR problem
in both finite- and infinite-horizon discrete-time systems, then introduce the
continuous-time counterpart. We will conclude by discussing how we can obtain
a linear, and possibly discrete-time, system in practice, enabling us to leverage the
results presented in this chapter. The recommended additional reading materials
are Section 1.7 of [4], Section 5.1 of [2], and Sections 12.3-12.4 of [5].

2.1 Finite-Horizon Discrete-Time LOQR

In this section, we consider a special case where the system has linear dynamics and
the cost has a quadratic form. These structural properties significantly simplify the
derivation of the optimal policy. As we will elaborate, when dealing with a linear

quadratic optimal control problem, the optimal policy and the cost-to-go function
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can be expressed in closed form.

Consider a linear discrete-time system
Xpr1 = Agxg + Brug, Vke {0,1,..,N —1} (2.1)

and a quadratic cost

N-1

J(x0) = x§Qnxn + Y (XEQkxk + u]];Rkuk> , (2.2)
k=0

where x; € R”" is the system state, u;y € R is the system input (without any
constraints), (A, By) are the matrices parametrizing the system dynamics, Qy and
Qn are symmetric positive semidefinite matrices penalizing the state, and Ry is a
symmetric positive definite matrix penalizing the input. Our goal is to derive the
optimal policy using the DPA.

To derive the recursive update, we assume that the cost-to-go at each timestep

k is of the quadratic form:
Te(xx) = x} Sexr,  Vk€{0,1,..,N} (2.3)

with Sy = S| without loss of generality'. The matrix Sy is often referred to as the

Riccati matrix.

e Initialization

The terminal cost is given by

In(xn) = xNQnxN, (2.4)

which means
Sn = Qn- (2.5)

* Recursion (going from N — 1 to 0)

At timestep k, we have

Je(xx) = muikn (xlekxk + u{ Rug + ]k+1(xk+l)> (2.6)

A generic square matrix M € R7*7 can be decomposed into a symmetric component Msym and
a skew-symmetric component Mgj,: M = Msym + Mgy With Mgym = (M + MT) /2 and My, =
(M — MT) /2. The quadratic term v” Mo with v € R7 is only dependent on the symmetric component
of the matrix: vT Mo = UTMSymv. In particular, since vT Mo is a scalar, we have vT Mo = (UTM‘U)T =
oT MTv. This implies that o7 (M — MT)v = 0, and thus v” Mg, v = 0. The quadratic term v’ Mo is
then 0T Mv = 0T (Msym + Mgw )0 = 0T Mgymo.
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= min (X{Qkxk + uf Ry + (A + Brug) T Ser (Agxye + Bkuk)) (2.7)

u
= n}lin (x,f(Qk + AT Sy 1 AK) ¢
+ ul (R + BT Syt Bi)ug + 2ul BT SkHAkxk) . (28)
Note that the optimization problem in (2.8) is quadratic in the optimization
variable u;. As before, the optimal solution can be found by taking the

derivative with respect to uj and setting the derivative to zero. The optimal

solution is

ug = pi(xx) = —(Re + B{ Sk41B) "' B Sgs1 A xx = Kexy, (2.9)

=K

where K € R™*" is the feedback control gain. The corresponding optimal

cost-to-go is

Je(xx) = xf (Qk + A{ Sks1 Ak + K (Re + B S 1 Be) Ky + 2(Akxk)TSk+1BkKk> X

(2.10)
=x ( Qk + Af Sks1Ak — Af Sks1Be(Ri + Bf Sk1Bi) " BJ Sg1 Ax ) Xk
=5,
2.11)

The backward recursive update for the cost-to-go function can be expressed

in terms of the backward recursive update of Sy as follows:

Sk = Qk + Af Sks1Ak — AL Sk1Be(R + B{ Sk1Br) ' Bf Sky1 A (2.12)

The recursive update for Sy in (2.12) is known as the discrete-time algebraic
Riccati equation (DARE) for the finite-horizon linear quadratic optimal control
problems. The term S is calculated backwards from timestep (N — 1) to timestep

0, and the optimal policy for each timestep is given by

up = ui(xx) = — (R + BL Sgi1Bi) 1B Spy1 A xx = Kixy, (2.13)

=K

which is a function of the system matrices (Ay, B), the cost parameter Ry, and the

variable Si 1. Note that the sequence of Sy can be calculated ahead of time, and the
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optimal policy is a linear feedback policy with gain K.

<[> See Jupyter notebook 2.1 example 1.1 for example implementation of the finite
horizon LOR.

Example 2.6 (Mobile Robot Goal Reaching with Finite-Horizon LQR). Consider the
mobile robot goal-reaching problem from the previous chapter. Reformulate the
problem and apply the DARE to obtain the optimal feedback policy pf (xx) = Kix.

Recall that the dynamics of the system are given by
Xpp1 = Xk +ug, Vke {0,1}, (2.14)
and the cost to be minimized is
ug+ ui +q(x2 — xg)%, (2.15)

where x; € R is the robot position, u; € R is the velocity input, x; € R is the
goal position, and q € R, is a parameter trading off the relative significance of the

control effort penalization and state error minimization terms.

To solve the problem using the DARE, we first introduce the error dynamics of
the system:
Xpi1 = T + Uy, (2.16)

where £y = x; — x,. The cost function can then be expressed as
U2 + 12 + q%3. (2.17)

We solve for Sy and Kj by setting Ag = A1 =1,B0=B1=1,Q0=01=0,02 =94,
and Ry = Ry = 1in (2.12) and (2.13).

e Initialization
S2=Q2=9¢ (2.18)
e Recursion

> Step k = 1 The Riccati matrix and optimal gain are

S1= Qi+ ATS;A — ATS;B(Ry + B"$;B) 'BTS,A = - qu sand - (219)
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Ky = —(Ry + BTS,B) " 1BTS,A = — 1. 2.20
1 (Ry + B S2B) 2 T+3 (2.20)

The corresponding optimal policy is

up = pi (%) = Ki%1 = — 9 X1. (2.21)

> Step k = 0 The Riccati matrix and optimal gain are

So= Qo+ ATS1A— ATSB(Ry+ BT$,B)'BTS;A= — 1 (222

1+2q
-1
_ T T ___ 4
Ko = (Ro +B 51B> BISiA=—r o (2.23)
The corresponding optimal policy is
o = 1§ (%0) = Koo = —quqazo. (2.24)

Note that the optimal policies in (2.24)-(2.21) are the same as those obtained by
directly applying the DPA.

2.2 Infinite-Horizon Problems

We have so far looked at solving discrete-time, finite-horizon optimal control
problems with the DPA. We now turn to problems with infinite horizon (i.e., N —

o0). The discrete-time, infinite-horizon problem has the following components:

* Dynamics: We consider a time-invariant system represented as
Xkt1 = f(xk, Uy, wk), Vk € {O, 1, }, (2.25)

where x; € X is the state, uy € U(xg), and wy ~ Pr(- | xx, ug) is a random
disturbance or noise. We assume that, given x; and uy, the disturbance wy is
independent of all previous variables. Note that, here, both the dynamics f

and the probability distribution of wj have no explicit dependency on time.

¢ Cost: The cost function is the sum of time-invariant stage costs, which is given
by
Y (g, up, wy). (2.26)
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Suppose the sequence of inputs uy is generated by an admissible policy

T — {‘u()(xo),]/l1(x1),...,i/lel(XN,1)} (227)

with uy = pp(xx) € U(xg) for all x, € X. Our objective is to derive an optimal
policy 77* with an associated optimal cost J*(x) = J+(x) forall x € X"

N-1
Tt = arg 1’7?6111:11 ]Ewk { k;) E(xk, Uy, wk)} (2288.)
=Jn(x)
subject to  dynamics and constraints. (2.28b)

As the time horizon goes to infinity, the optimal control problem becomes simpler.
In particular, since the dynamics and the stage cost are time-invariant and the time
horizon is infinite, the cost-to-go and the policy also become time-invariant. This
means that it does not matter anymore when we reach a state, and the cost-to-go

and optimal policy going from the particular state will remain the same.

Definition 2.3 (Stationary Policy). A policy 7 is stationary or time-invariant if the

control law is not changing at each time step: 7w = {p(xo), u(x1),...}.

We can rewrite the DPA algorithm for the finite-horizon problem and explore
what happens when N — co. For convenience, we first introduce the Bellman

operator.

Definition 2.4 (Bellman Optimality Operator). Given a function | : X — IR, the

Bellman optimality operator is defined as

B.J(x) = rr;(n) Eo{l(x,u,w)+J(f(x,u,w))}, VxeX. (2.29)
ue X

The composition of the map is given by
Bj(x) = BB J(x) = min E, {E(x, uw,w) + B (f(x, u,w))}, Vr e X

uel (x)
(2.30)
with BYJ(x) = J(x) forall x € X.

Definition 2.5 (Bellman Operator). For a given function | : X — R, the Bellman
operator for a stationary policy 7t = {u(xp), u(x1),...} is defined as

BrJ(x) = Bo{l(x, p(x),w) + J(f (x, p(x),w))}, VxeX. (2.31)
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The composition of the map is given by

B (x) = BB (x) = By {£(x, p(x), ) + B (f(x, p(x), )}, Vre X
(2.32)
with BY J(x) = J(x) forallx € X.

The recursion in the DPA for the finite-horizon problem can be written as

Je(x) = rrg?)IEzu {0(x,u,w) + i1 (f(x, u,w))},Vx e X, k=N-1,N-2,..0,
uc X
(2.33)

which can alternatively be expressed using the Bellman operator as

B Ty (x) = IIZ}}?)IEW {K(x,u,w) + IBi]N(f(x, u,w))}, Vxe X, k=0,1,..,N—1.
ue X
(2.34)

We are interested in the behaviour of the recursive update (2.34) in the limit of

k — oo. A key result is summarized in the theorem below.

Theorem 2.2 (Bellman Equation for an Optimal Policy). Under the assumption that
Ew{l(x,u,w)} > 0forall (x,u) € X x U(x), the optimal cost-to-go function J*(x)

associated with an optimal policy satisfies

J*(x) = min Ey {{(x,u,w)+ ] (f(x,u,w))}, VxedX, (2.35)

uel(x)

which can be equivalently written as
J*(x) =B.J"(x), VxeX. (2.36)

Proof. We are interested in showing that in the limit of N — oo, the recursion (2.34)
becomes (2.35). We cannot directly take the limit, k — oo, as the limit and the
minimization operations on the right-hand side of (2.34) cannot be interchanged in
general. We instead work with J;(x) and show that J*(x) > B.J*(x) and J*(x) <
B.J*(x), which together implies J*(x) = B.J*(x). Note that, in both steps below,
the assumption that [E,,{¢(x, u,w)} > 0 ensures the monotonicity of a k-stage cost-
to-go function, which allows us to interchange the limit and expectation operations

as we compute the infinite-horizon costs [6, Monotone Convergence Theorem].

> J*(x) > B,J*(x): Consider an admissible policy 7 = {uo,y1,...}. The

corresponding cost-to-go can be lower bounded by the optimal cost-to-go
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function as follows:

Jr(x) = Ew{l(x, po(x), w) + J* (f(x, po(x), w)) } (2.37)
> urerbigc) Eo{l(x,u,w)+ J*(f(x,u,w))}. (2.38)

By taking the minimum over all possible admissible policies, we have

J*(x) = min Jz(x) = urerbi&) Eo{€(x, u,w) + J*(f(x,u,w))} = B.J"(x).
(2.39)

> J*(x) < B,J*(x): Consider a suboptimal policy 7 = {uo, jt1,...} such that
By, J*(x) < B,J*(x) + &, with &, being a small positive number capturing the
extent of suboptimality of the policy at stage k. Since J*(x) > B.J*(x) (as
shown in the step above), we have By, J*(x) < B.J*(x) 4+ & < J*(x) +&. By

repeating this procedure for {By, ,, By, ,, ..., Bx,}, one can show that

k
BBy, - By J* (x) < B.J*(x) + ;)si. (2.40)

As k tends to infinity, we have

J*(x) < Ja(x) = kli_{EOIBVOIBVl By, Jo (2.41)
< klim By, By, - - By, J* (x) (2.42)
—00
< B.J"(x) + Z € (2.43)
i=0

By choosing 7 arbitrarily close to 77*, we can make the sum of the residual
Yo € arbitrarily small. This implies that J*(x) < BJ*(x).
O

As compared to (2.33), in the infinite-horizon case, the cost-to-go | on both sides
of (2.35) dropped their time dependency. As a result, the optimal policy is also

stationary. We can similarly write a Bellman equation for a stationary policy.

Theorem 2.3 (Bellman Equation for a Stationary Policy). Under the assumption
that E,,{¢(x,u,w)} > 0 for all (x,u) € X x U(x), the Bellman equation for the
cost-to-go associated with a stationary policy is

Ja(x) = Eyp {€(x, p(x), w) + [ (f(x, u(x),w))}, VyxelX, (2.44)
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which can be equivalently written as

J(x) = BaJn(x), Vxe€ X. (2.45)

In general, the solutions to the Bellman equations J(x) = B.J(x) and J(x) =
B,J(x) may not be unique (i.e., there maybe multiple stationary points J(x)
satisfying the Bellman equations). The optimal cost-to-go function [*(x) and the
cost-to-go function associated with a given policy [ (x) are the smallest stationary
points of their respective Bellman equations [6, Propositions 4.1.3-4.1.4]. There are
special cases (e.g., discounted cost problems, which will be discussed in a later
chapter) where the unique solution of J*(x) and J.(x) can be guaranteed based on

additional assumptions.

Theorem 2.4 (Optimality Condition for Stationary Policies). Under the assumption
that E,,{¢(x,u,w)} > 0 for all (x,u) € X x U(x), a stationary policy 7 is optimal
if and only if

B.J"(x) =BrJ"(x), VxeX. (2.46)

Proof. (<) If B.J*(x) = BxJ*(x), then J*(x) = B,J*(x), which implies J*(x) >
J=(x) and thus 7 is optimal. (=) Conversely, if J*(x) = J(x), then B.J*(x) =
By Jr(x) = Br]"(x). m

Intuitively, this theorem implies that any stationary policy 7 satisfying the

minimal cost-to-go (i.e., B.J*(x) = B,J*(x)) is optimal.
2.3 Infinite-Horizon Discrete-Time LQR

We now revisit the linear system in (2.1), this time with time-invariant dynamics
(i.e., Ax and By being constant matrices) and an infinite-horizon cost function of

quadratic form:

[oe]

J(x0) = Z (x,fok + u,{Ruk> , (2.47)

k=0
where Q € R"*" is a symmetric positive semidefinite matrix, and R € R"™*™ is a
symmetric positive definite matrix. We will show that the optimal policy is linear

and time-invariant:
up = p(xx) = Ky, (2.48)

where K € R"*" is a time-invariant controller gain. Our goal is to find the optimal

policy that minimizes the cost function in (2.47).
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To solve the problem, analogous to the finite-horizon case, we first parameterize
the cost-to-go function as
J(xx) = xI Sxy, (2.49)

where S is a positive semidefinite matrix. By substituting the stage cost
O(xk, ug, wr) = x] Qxx + u] Ruy, the cost-to-go function expression in (2.49), and

the dynamics in (2.1) into the Bellman equation (2.35), we obtain the following:

J(xx) = mum x{ Qxy + ul Ruy + J(Axy + Buy) (2.50)
= min x! Qg + ul Ruy + (Axy + Buy)TS(Axy + Buy) (2.51)
=min x] (Q + ATSA)x; + ul (R+ BTSB)uy + 2u{ BTS Axy. (2.52)

u

Note that the minimization problem in (2.52) has a quadratic form, and we can
obtain the optimal policy and express it in terms of the system matrices (A, B), cost

function parameters (Q, R), and the cost-to-go function parameter S:

up = u*(xx) = —(R+ BTSB) 'BTSA x; = Kx. (2.53)

=K

To find S, we substitute the optimal solution back into the Bellman equation:

J(xx) = xF(Q+ ATSA)xy + 2xF ATSB(—Kxy) + (—Kax)T(R + BTSB) (—Kxy)

(2.54)
= x] (Q + ATSA — ATSBK + KT(R + BTSB)K) Xk (2.55)
= x,{( Q+ ATSA — ATSB(R + BTSB)'BTSA ) Xk, (2.56)
=S
which implies
S=Q+ATSA — ATSB(R + BTSB)'BTSA. (2.57)

The above equation is the DARE for infinite-horizon linear quadratic optimal
control problems. If the solution to the DARE is positive semidefinite (i.e., S = 0),
then the optimal policy is

we = p*(x) = Kxg = —(R+ B'SB) 'BTSAxy. (2.58)
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<[> See Jupyter notebook 2.1 example 2.1 for example implementation of infinite
horizon LOR.

Example 2.7 (Stabilizability Condition). Consider a discrete-time, infinite-horizon

problem with dynamics
Xka1 = 2xx + Oug (2.59)
and cost -
Z (x,ka + u,{uk> . (2.60)
k=0

If we put the problem in the standard form, we have A = 2, B = 0, Q = 1, and
R = 1. Moreover, the policy has the form u; = Kx;, where K is constant. Does the

DARE always have a solution? Is the closed-loop solution stable?

In this example, the DARE is
$=2(5-0)2+1, (2.61)

which has a unique solution S = —1/3. Note that we require the solution
to DARE to be non-negative; for this particular problem, the solution does not
satisfy this condition. In general, if the system is unstable and is not stabilizable
(see Definition 2.6), then we cannot find a policy that solves the optimal control
problem.

Definition 2.6 (Stabilizability for Discrete-Time System). For a discrete-time
system, the pair (A, B) is said to be stabilizable if there exists a matrix K such that

(A + BK) is Schur (i.e., all eigenvalues lie strictly inside the unit circle).

Example 2.8 (Detectability Condition). Consider a discrete-time, infinite-horizon
problem with dynamics
X1 = 0.5xk 4 ug (2.62)

and cost -
Y ulug. (2.63)
k=0

In standard form, we have A = 05, B = 1, Q = 0, and R = 1. Note that, for
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this problem, we do not have a penalty on the state of the system, and the system
without input is stable. The solution to the DARE is S = {0, —3/4}, and the
corresponding optimal policy is p*(x;) = 0 for all k. Since the system is stable,

the system state x; converges to 0 as k tends to infinity.

However, what if the system with p*(x;) = 0 is unstable? Suppose A = 2.
The solution to the DARE is S = {0, 3}. In this case, we have two non-negative
solutions to the DARE. The solution S = 0 will lead to an unstable closed-loop
system, while the solution S = 3 leads to a stabilizing policy p*(xx) = —3/2 xy.
Now we add a small penalty term Q(e) = ¢ with ¢ < 1 and redefine the cost

function as

[ee]

Z (ex,?xk + u,{uk) . (2.64)
k=0
The solution for the perturbed problem is S = {(c — Vc*+4e)/2, (c +

V2 +4¢e)/2} with ¢ = 3+ ¢ The DARE has a unique non-negative solution

S = (c+ V/c? +4¢) /2, and the corresponding stabilizing optimal policy is p* (xx) =
2(c+\/c2+4s) -
T 2otV te Yk~
From this example, we see that if the system is stable, then we do not need

—3xi (for small ¢).

to penalize x; to obtain a stabilizing optimal policy; however, if the system is
unstable, then we need to penalize the state—even with just a small ¢ penalty-to
have a well-posed problem. Intuitively, this means that an unstable state must be
“visible” in the cost for an optimal control strategy to be able to stabilize the system.
In general, in addition to stabilizability, we also require the pair (4, /Q) to be
detectable (see Definition 2.7) to solve the discrete-time, infinite-horizon problem,
where Q = \/QT\/Q and /Q is a positive semidefinite matrix.

Definition 2.7 (Detectability for Discrete-Time System). For a discrete-time system,
the pair (A, 1/Q) is said to be detectable if there exists a matrix L such that (A +

L+/Q) is Schur.

The observations above are formalized in the theorem below. A more detailed

discussion can be found in [2, Chapter 3.1].

Theorem 2.5 (Discrete-Time, Infinite-Horizon, Linear Quadratic Optimal Control).
For a discrete-time, infinite-horizon, linear quadratic optimal control problem, if
(A, B) is stabilizable and (A, /Q) is detectable, then there exists a unique solution

S, in the class of positive semidefinite matrices, to the DARE in (2.57). Moreover,
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the closed-loop system matrix (A + BK) is Schur.

Example 2.9 (Mobile Robot Goal-Reaching with Infinite-Horizon LQR). Consider

again the setup in Example 2.6 but now with an infinite-horizon cost:
J(x0) = Y ug +qx%, (2.65)
k=0

where ¥ = x; — X.
To solve the problem, we use the DARE for the case with infinite-horizon cost.
By substituting A =1, B =1, R = 1and Q = g into (2.57), we have

S2—qS—q=0. (2.66)

q++/9*+4q
o

horizon problem is then given by

Since g > 0, the solution S = > 0. The optimal policy for the infinite-

2
S g ATVITY o ge (2.67)
2+q++/q°+4q
=K

Uk

Il
-
*
—~
=
=
~—
|
|
—_
+
9]

Remark 2.7 (Stochastic System). If our system is stochastic and has the form x; 1 =
Axy + Buyg + wy with E{wy} = 0 and E{w?} < oo (i.e,, finite), the optimal policy
coincides with the optimal policy in the deterministic case (certainty equivalence),

but the optimal cost is different.

2.4 Continuous-Time Counterparts

Our discussion will primarily focus on discrete-time optimal control problems;
however, it is worth noting that continuous-time formulations of both the DPA
and LQR also exist. The infinite-horizon continuous-time LQR formulation, in
particular, is widely used in control. In this section, we provide a brief overview of

the core concepts and results.

Problem Setup: We consider a continuous-time linear system
x(t) = A(t)x(t) + B(t)u(t) (2.68)
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and a quadratic cost function

J(x0) = X(D7Qr(T) + [ (x()7QU)x() + u(® ROt dt, (269
—_—— 0

=lr(x) =L(t,x,u)

where t is the continuous-time variable, x € R" is the state, u € R™ is the input,
A(t) and B(t) are matrices with consistent dimensions, T is the time horizon, Qr €
R™" and Q € R"*" are symmetric positive semidefinite matrices, and R € R"*"™

is a symmetric positive definite matrix.

The DPA: In the previous chapter, we introduced the DPA for solving discrete-
time optimal control problems. In continuous-time optimal control problems,
the dynamic programming condition leads to a terminal value problem, and the
backward recursion gives rise to a partial differential equation (PDE) for J(¢,x),

known as the Hamilton-Jacobi-Bellman (HJB) equation (see Exercise 2.2):

0=min ({(t,x,u) + Vi J(t,x)+ Vi J(t,x)f(t, x,u)), VxeX, Vtel0,T], (2.70)

ueld

where V;J(t,x) € R and V,J(t,x) € R denote the gradient of J(t,x) with
respect to t and x, respectively. The initialization step of the DPA becomes a

terminal condition in the continuous-time setting:
J(T,x) ={lr(x), VxeX. (2.71)

Note that, for clarity, we have omitted the explicit time dependence when writing

the signals x and u in the equations above.

Finite-Horizon Continuous-Time LQR: By substituting the linear dynamics and
the quadratic cost into (2.70)-(2.71) and further parametrizing the optimal cost-to-
go as

J(t,x) = xTS(t)x, (2.72)

we can derive the continuous-time Riccati equation for the finite-horizon linear

quadratic optimal control problem (see Exercise 2.3):

S(t) = —Q(t) = ST()A(t) — A(H)TS(t) + S(H)B(H)R(t) 'B(t)TS(t), Vtelo,T],
(2.73a)
S(T) = Qr, (2.73b)

where S(t) is a symmetric time-varying matrix. Suppose S(t) is the solution to the
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terminal value problem in (2.73), then the corresponding optimal policy is

u(t) = u*(t,x(t)) = —R(t) 'B(H)TS(t) x(t) = K(t)x(t). (2.74)

=K(t)

Infinite-Horizon Continuous-Time LQR: We now consider the infinite-horizon

case in which the cost function is defined as
(LT L T
Jo) = [ (3x(07Qx(0) + Ju()TRu(t) ) dt, (2.75)
and the dynamics are given by
X(t) = Ax(t) + Bu(t). (2.76)

By making the optimal control problem infinite-horizon, we obtain a time-invariant

policy and cost-to-go. We assume that (¢, x) has the following form:
J(t,x) = xTSx, (2.77)

where S is a constant symmetric matrix. The terminal value problem in (2.73)
becomes
0=-Q—-SA—ATS+SBR'BTs, (2.78)

which is the continuous-time algebraic Riccati equation (CARE) for the infinite-
horizon continuous-time linear quadratic optimal control problem. Let S be the

solution of (2.78). The optimal policy can be similarly computed as

—
=K

u(t) = p*(x(t)) = =R 'B'S x(t) = Kx(t). (2.79)

Similar to the discrete-time case, we obtain a valid optimal control policy if (A, B) is
stabilizable and (A, v/Q) is detectable. We provide the definitions of stabilizability
and detectability for continuous-time systems along with the key theorem for
CARE below; a formal derivation of the result can be found in [5, Sections 12.3-
12.4].

Definition 2.8 (Stabilizability for Continuous-Time System). For a continuous-time
system, the pair (A, B) is said to be stabilizable if there exists a matrix K such that

(A + BK) is Hurwitz (i.e., all eigenvalues have negative real parts).

Definition 2.9 (Detectability for Continuous-Time System). For a continuous-time
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system, the pair (A, v/Q) is said to be detectable if there exists a matrix L such that
(A + L\/Q) is Hurwitz.

Theorem 2.6 (Continuous-Time, Infinite-Horizon, Linear Quadratic Optimal
Control). For a continuous-time, infinite-horizon, linear quadratic optimal control
problem, if (A, B) is stabilizable and (A, /Q) is detectable, then there exists a
unique solution S, in the class of positive semidefinite matrices, to the CARE

in (2.78). Moreover, the closed-loop system matrix (A + BK) is Hurwitz.

2.5 Formulating a Linear Quadratic Optimal Control
Problem

Linearization: Many practical systems, especially in robotics, are nonlinear.
However, for many cases, we can obtain a linear representation of the dynamics,
either exactly or approximately, to apply the LOR results derived in this chapter.
Below, we summarize a typical approach, where we linearize the system dynamics
around an equilibrium point. This approximation enables the use of a linear

controller in a neighbourhood of the operating point.

Remark 2.8 (System Linearization). A common approach to obtain a linear
approximation of a nonlinear system is to perform a first-order Taylor expansion
around an equilibrium of the nonlinear system. Consider a generic continuous-
time system:

X = f(x,u). (2.80)

An equilibrium of the system is a state-input pair (Xeq teq) that satisfies

f(Xeq, tteq) = 0. The linearized dynamics are given by

i= A%+ Bil, (2.81)

where X = X — Xeq, Il = U — Ueg, A = %(xeq, Ueq),and B = %(xeq, Ueq)-

We covered a common linearization approach above. While simple, the
approximation only holds in the neighbourhood of the operating point. Other
methods also exist for obtaining a linear representation of a nonlinear system
(e.g., through feedback linearization, exploiting differential flatness properties of
systems, or leveraging Koopman operator theory). Some of these methods use
nonlinear transformations that result in exact linearizations, which can be beneficial
in robotics problems, especially when the robots are expected to perform aggressive

maneuvers.
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Discrete-Time System

Controller % Digital to Analog Physical System Analog to Digital

I ,

Figure 2.1: A block diagram showing the typical setup of a system. The controller receives the
feedback from the system at fixed rates and computes control commands at fixed time intervals.
While the dynamics of a physical system from input u(t) to state x(t) are often described in
continuous time by an ODE, it is often more practical from a control design perspective to work
with the corresponding discrete-time model capturing the dynamics from 1y to x.

Time Discretization: While physical systems evolve continuously, computers
operate in the digital domain where sensors provide feedback from at fixed rates
and controller commands are computed at fixed time intervals (see Figure 2.1).
Models derived from first principles are typically expressed as ordinary differential
equations (ODEs). A common method for discretizing a dynamics model is to
assume that the control input u; remains constant over the sampling interval Jt
(i-e., u(t) = ug for t € [kdt, (k+1)ét)) and integrate the continuous-time dynamics
to obtain the discrete-time representation. This approach is known as the zero-
order-hold discretization (ZOH). For linear time-invariant systems, we can obtain
an exact discrete-time representation (see Remark 2.9). In contrast, for nonlinear
systems, we often rely on numerical integration methods (e.g., Euler or Runge-

Kutta) to approximate the discrete-time dynamics (see Remark 2.10).

Remark 2.9 (Linear System Time Discretization). Given a continuous-time linear
system with matrices (A, B.), the corresponding discrete-time system matrices
(Ag,B;) under ZOH discretization can be computed through the method of
variation of parameters?. The resulting expressions relating (A, B.) and (A4, By)

are as follows:

St
Ay =exp(Alt) and Bd:/ exp(AcT)dt B.. (2.82)
0

2This result can be derived using the method of variation of parameters, where the complementary
solution has the form x(#) = exp(Act)v(t) where v(t) is an unknown function. Consider the time
interval from ty = két to t; = (k + 1)t with x(ty) = x;. The general solution to the ODE x(t) =

Ax(t) 4+ Bu(t) is given by x(t) = exp(Ac(t — to))x(to) + fé exp(Ac(t — 7)) Bcu(t) dt. The expression
of x¢,1 can be obtained by setting t = t1: xpy1 = exp(Addt) x; + ft? exp(Ac(ty — 7))Beu(t) dt.
Under the ZOH assumption, the input u(t) is held constant over the sampling interval, and we can
further simplify the expression to xx,1 = exp(Acdt) xi + fo‘” exp(Act) dT Beuy = Agxy + Byuy with
Ay = exp(Acét) and By = ﬁft exp(AcT) dt Be.
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To compute the matrices in practice, we can first define a block matrix

At Boot
M= |"°¢ ¢ (2.83)
Oan Ome
and compute its matrix exponential
ot
Acbt AcT)dT B A B
exp(M) — exp( ¢ ) fo exp( CT) T b _ d d , (2.84)
Om><n Ime 0m><n Ime

where n and m denote the state and input dimension, respectively. The discrete-

time system matrices can be directly extracted from the matrix exponential in (2.84).

Remark 2.10 (Nonlinear System Time Discretization). There are numerous ways to
discretize a nonlinear system. A widely used first-order integration scheme is the
forward Euler method. With x; = x(6f - k) and under ZOH discretization, we have

(k-+1)t

Xk41 = Xk + - f(xk, Mk) dt ~ x; + 5tf(xk, uk). (2.85)

A common higher-order method is the Runge-Kutta fourth-order method (RK4):

(k+1)ot
Xjtr1 = Xk + f(xg, ug) dt = x; + % (k1 + 2k + 2k3 + ky), (2.86)

kot
where ki = f(xp,ux), ko = f (xp+ %ki,u), ks = f (v + ko, 1), and kg =
f (xx + dtks, ux). In general, higher-order methods offer better accuracy but can
be computationally more expensive, both when used as a model in controller
synthesis or in a numerical simulation. The integration step ét, either fixed
or adaptive, must also be properly chosen to ensure numerical stability while

balancing accuracy and computation cost.

Remark 2.11 (Discrete-Time versus Continuous-Time LQR). When applying LOR
to real-world problems, it may be possible to use the continuous-time formulation,
but this is only sensible when the control loop can run sufficiently fast. Generally, it
is better to explicitly take the discrete-time nature into account by discretizing the

dynamics and applying the discrete-time formulation.
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2.6. VERIFYING STABILIZABILITY AND DETECTABILITY CONDITIONS

2.6 Verifying Stabilizability and Detectability Condi-
tions

In the infinite-horizon case, the existence of a unique positive semidefinite solution
to the DARE or CARE and thus a stabilizing optimal policy relies on two
conditions: the pair (A, B) being stabilizable and (A, /Q) being detectable. A
natural question, then, is how to verify these conditions in practice. We provide the
key intuition and theorems for checking stabilizability and detectability conditions

in this section and refer the reader to [7] for a more in-depth review on this topic.

The stronger but closely connected conditions are controllability (Defini-
tion 2.10) and observability (Definition 2.11). Intuitively, a controllable system
provides enough control authority to move the system’s state from any initial
condition to any other point in the state space (i.e., every state in the state space
is reachable). Observability, on the other hand, is often discussed in the context of
state estimation. This means that we have enough information from system outputs
to fully infer the internal state vector. In the context of linear quadratic optimal
control, observability implies that the cost function provides enough information

to reason about the system’s behaviour.

Definition 2.10 (Controllability). A pair (A4, B) with A € R"*" and B € R"*" is
controllable if the controllability matrix Q. € R"*"" has full row rank:

rank(Q.) = rank ([B AB A’B .. A"‘lBD =n. (2.87)

Definition 2.11 (Observability). A pair (A,C) with A € R"*" and C € RP*" is
observable if the pair (AT, CT) is controllable, or equivalently, the observability

matrix Q, € R™*" has full column rank:

C
CA

rank(Q,) = rank CA? =n. (2.88)

CAnfl

In general, controllability and observability imply stabilizability and detectabil-
ity, respectively (i.e., we have enough authority and information to control and
observe the state or the behaviour of the system). In other words, if (A,B) is

controllable and (A4, \/Q) is observable, then we are guaranteed to have a unique
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positive semidefinitive solution to the DARE and CARE, and the resulting optimal
policy is stabilizing. A common approach to check controllability, and, analogously,
observability, is via the Popov-Belevitch-Hautus (PBH) test (Theorem 2.7).

Theorem 2.7 (PBH Tests for Controllability and Observability). Let c(A) denote
the spectrum of A. A pair (A, B) is controllable if and only if

(VA € 0(4)) rank ([A - AT B|) =n. (2.89)

) =n. (2.90)

When controllability and observability do not hold, a linear quadratic optimal

A pair (A, C) is observable if and only if

C

(VA € 0(A)) rank ( Al

control problem may still satisfy stabilizability and detectability conditions. These
weaker conditions require only that the unstable modes of the system are
controllable and observable. The stabilizability and detectability conditions can

be similarly verified using PBH tests (Theorem 2.8).

Theorem 2.8 (PBH Tests for Stabilizability and Detectability). Let oyn(A) C 0(A)
denote the set of eigenvalues corresponding to the unstable modes of the system
(i.e., eigenvalues A satisfying Re(A) > 0 for continuous-time systems and [A| > 1

for discrete-time systems). A pair (A, B) is stabilizable if and only if

(VA € oun(A4)) rank (A~ AT B|) =n. (2.91)

) = n. (2.92)

In practice, when using any toolbox to solve the DARE or CARE, it is important

A pair (A, C) is detectable if and only if

C

(‘v’)\ € (Tun(A)) rank ( A

to verify that the stabilizability and detectability conditions are satisfied to ensure
the problem is well-posed. If these conditions are not met, the solver may still

return a stabilizing controller in some cases, but in others, it may fail to converge.
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Chapter Summary

Linear Quadratic Optimal Control
* Discrete-Time Linear Quadratic Regulator

— Dynamics model:
Xpt+1 = Apxp + Beu, Yk € {0, 1,..., N}, (2.93)

where k € Z> is the discrete-time index, x; € IR" is the state,
ur € R™ is the input, (A, Bi) are system matrices with consistent

dimensions, and N € Z> is the time horizon.

— Cost:
N-1
](Xo) = x{,QNxN + 2 (x,kaxk + u,{Rkuk) , (2.94)
k=0

where Qr € R"™" and Qy € R™" are symmetric positive
semidefinite matrices, and Ry € R™ " is a symmetric positive
definite matrix.
— Finite-horizon solution:
Initialization: Sy = OQn
Backward recursion:
St = Qk + AL Sk1Ar— Al Sk1Bi(Ric + Bl Sk1Bi) "' Bl Sp1 Ax
(discrete-time algebraic Riccati equation for the finite-horizon
problem)
Optimal policy: w, = pp(xx) = Kixp with Ky = —(Rg +
BTS;41B) 'BTSi 1A
— Infinite-horizon solution (with Ay = A, By = B, Qx = Q, and Ry =
R):
Matrix quadratic equation:
S=Q+ATSA — ATSB(R+ BTSB)"'BTSA
(discrete-time algebraic Riccati equation for the infinite-horizon
problem, which has a unique positive semidefinite solution if
(A, B) is stabilizable and (A, v/Q) is detectable)
Optimal policy: up=u*(x;)=Kxj with K= — (R + BTSB)"'BTSA

¢ Continuous-Time Linear Quadratic Regulator
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- Dynamics model:
x(t) = Ax(t) + Bu(t), Vte[0,T], (2.95)

where t € R>( is the continuous-time variable, x; € R" is the state,
ur € R™ is the input, and (A, B) are system matrices with consistent

dimensions.

— Cost:

J(x0) = (1) Qr(T) + [ (x(0QU)x(t) + u(t) R(tpu(r))
(2.96)
where Q(t) € R™" and Qr € R"" are symmetric positive
semidefinite matrices, and R(t) € R™*™ is a symmetric positive
definite matrix.
— Finite-horizon solution:
Initialization (terminal condition): S(T) = Qr
Matrix differential equation:
S(H)==Q(t)—=S(A()—AT(H)S(H)+S(t)B()R(t) ' BT (£)S(t)
(continuous-time Riccati differential equation for the finite-
horizon problem)
Optimal policy: u(t) = wu;(x(t)) = K(t)x(t) with K(t) =
—R(t)7'BT(1)S(t)
- Infinite-horizon solution (with A(t) = A, B(t) = B, Q(t) = Q, and
R(t) = R):
Matrix quadratic equation: 0 = —Q — SA — ATS + SBR™!BTS
(continuous-time algebraic Riccati equation for the infinite-
horizon problem, which has a unique solution if (A, B) is
stabilizable and (A, \/Q) is detectable)
Optimal policy: u(t) = u*(x(t)) = Kx(t) with K = —R~'BTS

Infinite-Horizon Optimal Control

* Stationarity in the Infinite-Horizon Case: Under the assumption that
Ew{l(x,u,w)} > 0 for all (x,u) € X x U(x), the optimal cost-to-
go function and the corresponding optimal policy for a time-invariant
nonlinear system f(xy, uy, wy) with stage cost ¢(xy, uy, wy) become time-

invariant as the horizon N — 0.
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¢ Bellman Equations

- The optimal cost-to-go function J*(x) associated with an optimal

policy satisfies

J*(x) = l’Izl/{iF)]Ew {0(x,u,w)+ J*(f(x,u,w)) } =B.J"(x), VxeX,
ue X
(2.97)
where B, is the Bellman optimality operator.

— The cost-to-go function [ (x) associated with a stationary policy 7t

satisfies

J(x) = Ew {£(x, p(x),w) + I (f(x, u(x),w)) } = BrJr(x), VxeX
(2.98)

where B is the Bellman operator associated with the policy 7.

¢ Optimality Condition: A stationary policy 7 is optimal if and only if

B.J*(x) = B.J*(x), VxeAX. (2.99)
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2.7 Exercises

Exercise 2.1 (Short Questions). For the problems below, select the option(s) that

best answer each question and justify your selection(s).

a) Which of the following statements about LORs are correct?
(A) The LQR is the optimal solution to an optimal control problem with
linear dynamics and quadratic cost and no constraints.

(B) A unique optimal stabilizing policy exists for the infinite-horizon LQR
problem if the pair (A, B) is stabilizable and the pair (A,+/Q) is
detectable.

(C) The LOR can be derived using dynamic programming.

(D) For the infinite-horizon case, a stabilizing LQR solution can always be

found.

b) Consider a discrete-time dynamical system
Xxir1 = AxXx + Byug. (2.100)

Which of the following statements about discrete-time LQR are correct?
(A) LQR can be used for setpoint stabilization and reference trajectory
tracking.
(B) Infinite-horizon LQR can handle time-varying system dynamics.

(C) For an infinite horizon and time-invariant dynamics, the optimal

feedback gain is constant.

(D) The solutions of the DARE for a finite-horizon problem can be computed

iteratively in a forward manner starting from k = 0.
(E) If A is time-invariant, By = [0, 1]T and we consider an infinite horizon,

the DARE is guaranteed to have a positive semidefinite solution.

c) Which of the following statements are correct regarding an infinite-horizon
optimal control problem?
(A) The optimal policy depends only on the current state of the system.

(B) The optimal cost-to-go function depends only on the current state of the

system.

(C) Infinite-horizon optimal control problems cannot consider input con-

straints.
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(D) For the infinite-horizon LQR problem, the Bellman optimality equation
J*(x) = B.J*(x) leads to the DARE.

d) Suppose we are given the optimal cost-to-go J*(x) for an infinite-horizon
optimal control problem as well as an arbitrary stationary policy 7. We can
we say about the policy 7 if B.J*(x) = BJ*(x) holds for all x € A?

(A) The policy 7 is optimal, and the optimal policy is unique.

(B) The policy 7 is optimal.

(C) The cost-to-go associated with the policy J(x) equals to the optimal
cost-to-go J*(x) forall x € X.

(D) We cannot conclude anything about the policy 7.

e) Consider a continuous-time linear-quadratic optimal control problem where
the system dynamics are given by x(t) = Ax(t) + Bu(t), and the cost function
to be minimized is ] = [ (x(t)TQx(t) + u(t)"Ru(t)) dt, with Q > 0 and
R > 0. Assume that the pair (A, B) is stabilizable. The optimal control law is
derived using the CARE. Select all true statements.

(A) The CARE is a differential equation that determines the optimal state
feedback gain matrix K.

(B) The CARE for this problem is given by Q = —ATS — SA + SBR™!BTS.

(C) The solution of the CARE, S, is used to compute the optimal control law
u(t) = —R71BTSx(s).

(D) The CARE ensures that the closed-loop system is stable if Q and R are
chosen appropriately.

(E) None of the above.

f) In the context of linear-quadratic optimal control, what is the main difference

between continuous-time and discrete-time LQR?

(A) Continuous-time LOR employs differential equations to describe system
dynamics, whereas discrete-time LQR utilizes difference equations.

(B) Continuous-time LQR is only applicable to finite-horizon problem:s,
whereas discrete-time LQR can be applied to both finite and infinite-
horizon problems.

(C) Discrete-time LQR does not consider constraints on control inputs, while
continuous-time LQR incorporates such constraints.

(D) Discrete-time LQR is more suitable for a discrete-time system, whereas
continuous-time LQR only works if the control frequency is sufficiently
high.
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Exercise 2.2 (HJB Derivation). Consider a continuous-time optimal control

problem, where the dynamics are given by
x(t) = f(t,x(t),u(t)), (2.101)
and the cost to be minimized is
r(x(T)) + /O "ot x(8), u(t)) d. (2.102)

Here, t € R denotes the continuous-time variable, x(t) € X is the system state,
u(t) € U is the system input, f : Ry x X x U +— R is the system dynamics
equation, and £ : Ry x X xU +— R and /1 : X — R are the stage and terminal
cost functions, respectively. Derive the HJB equation in (2.70) for a continuous-time

optimal control problem starting from the Bellman equation in (2.44).

Exercise 2.3 (Finite-Horizon CARE Derivation). Derive the CARE for the finite-
horizon linear quadratic optimal control problem using the terminal value problem
given in (2.70)-(2.71).
Exercise 2.4 (Finite-Horizon LQR [8, Example 13.2]). For the discrete-time linear
system

Xi41 = X+ U

with initial condition xo = %y and x;, ux € R, we want to design an optimal

feedback controller u; = Kjx; that minimizes the cost

N-1
J=qxy+ Y xg+rup
k=0

with cost weights g > 0 and r > 0.
a) Find the recursion for the Riccati Matrix S and the controller K.

b) Assume N =4 and r = 1. Compute So, S1,...,S4 and Ko, Ky, ..., Ks.

¢) Compare and discuss the resulting trajectories of x; for g = 0 and g — oo for

an initial value of xy = 2.
d) What is the resulting optimal cost [* for the realizations 4 = 0 and g — o0?

Exercise 2.5 (Relationship between LOR and PD Control). =~ We can model the
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continuous-time dynamics of a mobile robot moving towards a target position as

(1) = [g (1)] *(1) + m u(t), (2.103)

where x(t) = [p(t), v(t)]T represents the position and velocity, and u(t) is the
commanded acceleration. The system is controlled by a proportional-derivative
(PD) controller of the form

u(t) = —kyp(t) — kyo(t) (2.104)

with k, = 4 and k; = 5.
a) Express the PD controller (2.104) as a state feedback control law of the
form u(t) = Kx(t).
Let us investigate the relationship between the PD control law (2.104) and an

LOR policy that minimizes the infinite-horizon cost

J(x0) = /OOO <;x(t)TQx(t)—I—;u(t)TRu(t)> dt. (2.105)

Recall that the optimal policy for such a continuous-time linear optimal control

problem can be calculated as
u(t) = —R7'BTSx(t) = Kx(t), 0=-Q—-SA—ATS+SBR!B'S.
(2.106)

b) Assuming R = 1, what is the matrix 5§?

c) Find a diagonal cost matrix Q such that the PD control law (2.104) is optimal
with respect to the cost (2.105). Consider two cases: R = 1 and R = 2.

Exercise 2.6 (Mobile Robot Output-Based Regulation). We consider an infinite-
horizon optimal control problem in which the objective is to drive a mobile robot
system to a target position. In addition to the system dynamics, we include
an output equation, and the controller has access only to corrupted position

measurements denoted by y;. The discrete-time system is described by

Xgr1 = Xg + Ug + wy,

Y = Xi + Uk,
where x; € R is the true position of the mobile robot, u; € R is the control
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signal, yx € R is the measured position corrupted by measurement noise vy, and
wy represents disturbances in the terrain. We assume that the measurement noise
v; and the disturbances wy are independent random variables with zero mean (i.e.,
E[vy] = 0 and E[w;] = 0) and unit variance (i.e., E[v7] = 1 and E[w}] = 1). Our

goal is to minimize the following cost:

For this problem, we are given an output feedback controller uy = —3yj that tries
to move the robot’s position to x = 0.

a) Write out the closed-loop dynamics (i.e, write x4 as a function of x, vg, and
wk).

b) Show that this closed-loop system is stable in expectation. Hint: Note that a
discrete-time system is stable if the eigenvalues of the dynamics lie inside of the unit
circle. That is, you should see that the closed-loop dynamics in expectation have the
form xyy1 = rxy. The eigenvalue of this 1D discrete-time system is r, and if |r| < 1,
then the system is stable. Why might this be?

¢) What is the infinite horizon cost | under the given feedback policy? Hint: To
find E[x3], you can use the fact that the system is stable and thus E|[x7_ ;] ~ E|[xZ]
as k — oo.

d) Find the optimal closed-loop feedback gain « for the control law u; = ay;.
You can assume there is no noise for this problem. Hint: you have to solve the
DARE for the infinite-horizon problem.

Exercise 2.7 (Infinite-Horizon LQR [8, Example 13.3]). Consider the discrete-time
linear system

Xg+1 = Xk + Uk
with initial condition xy = ¥y and the cost function
(o]
J(x0) = fo—kru%, r>0.
k=0
a) Compute the stationary Riccati matrix S.
b) Give an equation for K of the optimal feedback control u; = Kxy.

¢) Give the dynamics of the closed-loop system and discuss the stability of the

closed-loop.
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d) Discuss the closed-loop behaviour for r = 0 and » — oo and interpret the cost
function.

Exercise 2.8 (Infinite-Horizon LQR). Consider the system dynamics
Xk+1 = Axx + Buy, (2.107)

with state x; € R? and input u; € R, and the following infinite-horizon cost
function

J =Y x{Qx+ruf, (2.108)
k=0

0 1 1 10
A:[—l 0]’ BZ[O' Qzlo 2]’ r="1

a) Compute the solution S to the DARE by determining the parameters b,c € RR,

where

c > 0, of the parameterized solution matrix defined as

c+1 b
b c

S =

b) For the given system and cost function, the pair (A, B) is stabilizable, and the
pair (A, /Q) is detectable. Without computing the optimal control gain K,
discuss which of the following values could be or could not be eigenvalues of
the closed-loop matrix (A + BK):

c) Compute the optimal control gain K.

d) Compute the eigenvalues of the matrix (A 4+ BK) and comment on the

stability of the closed-loop system.

Exercise 2.9 (LQR for Mobile Robot Steering Problem). Consider a mobile robot
moving in a plane with unit speed. For this question, we are only interested in its
lateral motion y € R. The dynamics of the robot are:

y(t) =sinf(t), O(t) = u(t), (2.109)
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where y(t) € R is the position of the robot along the y-axis in meters, 6(¢) € R is
the heading angle of the robot in radians, and u(t) € R is the input to the system
in radians per second. Our goal is to design a state feedback policy u(t) = p(x(t))
with x(t) = [y(t), 6(t)]" that allows the robot to move from a given initial position
xo € R?*to a given target position x7 € R%. The cost function has the following

form:

T(x0) = /O " (x(8) — x0) T Q(x(8) — xr) + ru(t)? dt. (2.110)

a) Consider the linearized dynamics of (2.109) about the equilibrium of the
system (xeq, Meq) = ([]}T, 0] T,O), where 1 is a constant target y-position.
Show that the linearized system is X = A% + Bil with ¥ = x — x¢q and

1] and B = [0] (2.111)
0 1

b) Isthelinearized system stabilizable? What does it mean intuitively if a system

il = U — Ueg, and

A=

is stabilizable? Hint: Start by finding the eigenvalues A; of A. A linear system is
stabilizable if and only if [A — A;1, B] has full rank for any unstable eigenvalue (i.e.,
any eigenvalue with non-negative real part: real(A;) > 0), where I is the identity
matrix with consistent dimensions.

c¢) Consider the cost function in (2.110) with x7 = xeq = [T, 0]7, the linearized
system dynamics obtained in part a), and a linear feedback policy of the form
u(t) = Kx(t). What are the conditions on Q and r to guarantee that the linear-
quadratic optimal control problem is solvable and has a unique and bounded

solution?

d) Set the cost function parameters Q and r as follows:

Q= [(1) g] and r=1. (2.112)

Find the optimal feedback policy u*(t) = K %(t). Show all important steps of

your derivation.
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Chapter 3

Optimization Fundamentals

In the previous chapter, we focused on linear quadratic optimal control problems,
a fundamental class of problems in which linear system dynamics are coupled
with a quadratic cost function. This structure allows us to simplify the DPA to
a set of (recursive) matrix equations known as the algebraic Riccati equations. The

resulting optimal controllers are referred to as LQRs.

Besides deriving the algebraic Riccati equations for different variants of linear
quadratic optimal control problems, we also examined the infinite-horizon setting
and showed that, under a mild condition, the optimal cost-to-go and the resulting
control policy become time-invariant. Lastly, we touched on common techniques
such as linearization and discretization, which allow us to apply the LOR to

nonlinear, continuous-time systems.

In this chapter, we will review a few core ideas from optimization. We start with
unconstrained optimization problems and introduce optimality conditions as well
as numerical algorithms for solving them. We then extend the discussion to general
constrained optimization problems. The results covered in this chapter serve as the
basis for implementing iterative optimal control algorithms and model predictive

control in the subsequent chapters.

3.1 Why is Optimization Relevant?

Optimization is ingrained in every aspect of robotics, including perception, state
estimation/localization, motion planning, control, as well as robot learning. Below

are a few examples:
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e motion planning: find the most energy-efficient path through a cluttered

environment;

* localization: estimate the most probable position of a robot in a map based on

the current image observed;

e control: find the next actuator command that causes the robot to stay as close

as possible to a desired path;

* machine learning: find a model that best explains the data that the robot
collected;

* skill acquisition: optimize the robot’s performance over many training runs.

While this course focuses on control, almost all problems in robotics, whether it
is perception or decision-making, can be thought of as optimization problems. The
optimization problems in each of the subfields in robotics have different challenges
that often motivate specialized methods to obtain tractable problems and efficient
solutions. Despite these differences, the fundamentals of optimization, however,

remain to be the basis of the different fields in robotics.

Example 3.10 (The Basic Problem Revisited). The basic problem introduced in
Chapter 1 can generally be formulated as a constrained optimization problem.
Suppose the system is initialized at Xp. The basic problem can be written as an

optimization problem:

N-1

]*(fo) = min IEwk {EN(XN) + Z Zk(xk, Uy, wk)} (31&)
mell k=0

subject to  xpi1 = f(xp, up, wr)  wi ~ Pre(- | xg,u), Vke{0,1,,N—1}

(3.1b)

Uy = yk(xk), Vk € {0, 1,, N — 1} (3.1C)

Xo = Xo (3.1d)

xp € X, u, € Z/{(xk), Vk € {0,...,N— 1}, (3.1e)

where k is the discrete-time index or stage, x; € & is the system state, u; €
Uy (xy) is the system input, wy € Dy represents system disturbance and follows
a probability distribution Pr(- | xk, ux), N is the time horizon, fi is the dynamics
model, ¢ is the stage cost, ¢y is the terminal cost, 77 = {uo, p11, ..., pin } is the policy

to be optimized, and IT is the set of admissible policies.
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From the first two chapters, we saw how optimal control problems can be
addressed by leveraging the principle of optimality and the DPA, and further
delved into the class of linear quadratic problems, where the structure of the
dynamics and cost function enabled analytical or efficiently computable solutions.
The general formulation in (3.1), however, does not possess a nice structure in
the presence of nonlinear dynamics, non-quadratic costs, or complex constraints.
As we will see in the following chapters, this general optimization problem
is often simplified through linear quadratic approximations and/or tackled
through a receding-horizon approach. These simplified subproblems, typically
convex optimization problems, can be solved efficiently using the state-of-the-art
numerical solvers. The most challenging aspect of applying such techniques to real-
world robotics problems often lies in understanding how to properly formulate
the subproblems, analyze their properties, and efficiently exploit the underlying

structure of the optimal control problem (e.g., dynamics [9] and constraints [10]).

3.2 Problem Definition

A generic optimization problem has the following form:

min f(x)

subjectto  h;(x) =0 Vi={1,2,.. N}, (3.2)
gi(x) <0, Vvj={12,..,M},

where x € IR" is the optimization variable of the problem, f : R" — R is the objective
function, and h; : R" — R and g; : R" — R are the equality and inequality constraint
functions, respectively. The objective function and the constraint functions can be
general nonlinear functions. A general optimization problem with at least one
nonlinear function either as the objective function, as the inequality constraints or
as the equality constraints is called a nonlinear program. In this chapter, we generally

assume that f, h;, and gjare differentiable functions.

For the convenience of discussion, we first introduce a few key terminologies.

Definition 3.12 (Feasible Point and Feasible Set). A feasible point of a constrained
optimization problem is any point x satisfying ;(x) = 0 foralli = {1,2,.., N} and
g]-(x) < Oforallj = {1,2,..,M}. The feasible set is the set containing all feasible
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points:

X ={xeR"|h(x)=0,Vi={1,2,.,N}and g;j(x) <0,Vj={1,2,.., M}}.
(3.3)

Definition 3.13 (Optimal Value and Optimal Solution). Consider the optimization
problem in (3.2). The lowest possible cost f*, also called the optimal value, is given

by an optimal solution (or optimizer) x*:
f(x) > f(x*) =f*, Vxe Xwithx* e X. (3.4)
A point x* € X is a global minimum if
(VxeX) f(x') < fx). (35)
A point x* € X is a local minimum if there exists some & > 0 such that
(Vx € X with ||Jx —x*|| <¢) f(x") < f(x). (3.6)

Definition 3.14 (Critical Point of a Constrained Optimization). A critical point of a
constrained optimization problem is a local maximum, minimum or saddle point
of f within the feasible set.

Note that, if there is no point x satisfying the constraints (i.e., the set X is
empty), then the optimization problem is infeasible. For a feasible nonlinear
program, finding the global optimal solution is generally challenging. One way
to think about solving the general problem is in two steps: (1) find all feasible
x that satisfy all constraints and (2) amongst all feasible x, find the point that
minimizes the objective function. However, finding all feasible x itself can be a
difficult problem. One alternative way to solve nonlinear programs is by iteratively
solving simpler sub-problems. These numeric solvers often start with an initial

guess that is feasible and converge to locally optimal solutions.

3.3 Unconstrained Optimization

Consider the optimization problem in (3.2). The optimization problem is said to be
unconstrained if M = N = 0.
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3.3.1 Gradient of the Objective Function and Direction of the Steepest
Descent

The gradient at any point x = [x1, X2, ..., x,]7 is given by

Vf = [31‘ o "’f} e RV, (3.7)

dx1” dxp” " dxy

The negation of the gradient vector (i.e., —Vf) describes the direction of the

steepest descent.

To see why the gradient direction determines the direction of steepest descent

(or ascent), we first write the first-order Taylor expansion around a point xg € R™:

f(x) = f(x0) + Vf(x0)(x — x0)- (3.8)

If we take a small step in the direction of the gradient, x — xp =
aVTf(x0)/||Vf(x0)|]2 with « < 1, we have

ocVTf(xo)
IV f(x0)]]2

Note that the sign of & determines whether the value of f increases or decreases

fx) = f ( n ) ~ f(x0) +al |V F(x0) 2 (39)

locally (i.e., whether it is an ascent or a descent). If we now take a step along an

arbitrary direction v € R" with v being a unit vector, then we have

fxo+av) = f(xo) +aVf(xo)v = f(x0) +al||Vf(x0)l|2 cos(G)J, (3.10)
<IIV£(xo)ll2

where 0 is the angle between v and the gradient direction. Note that, if we keep the
step size a the same, then the steepest descent (or ascent) happens when cos(8) = 1,
which is the case when v is aligned with the gradient direction (i.e., when v =
V£ (x0) /1IV f(x0)]]2)-
3.3.2 First-Order and Second-Order Optimality Conditions

Motivated by the idea of gradient descent, we see that if x is a local minimum,
then Vf(x) = 0, which is a necessary but not a sufficient condition. This leads to

the first-order optimality condition, which we formalize below.

Definition 3.15 (Stationary Point or Critical Point). A stationary point or a critical
point of a differentiable function f : R” — Risa point x € R" satisfying V f(x) = 0.
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Theorem 3.9 (First-Order Optimality Condition). If x* is a local minimum of f :
R" — R, then x* is a stationary point with Vf(x*) = 0.

The first-order optimality condition allows us to devise a high-level strategy
for the unconstrained optimization problem: (1) finding all points x; satisfying
Vf(x;) = 0 and (2) evaluating f(x;) for all i and finding the x; with the lowest
function value, and (3) checking the value of f(x) as x — oo (which can be lower
than the smallest function value from the first two steps). This process allows us
to find the global minimum. However, it is not always tractable to find all local

minima in practice.

The first-order optimality condition is necessary but not sufficient. To obtain
a necessary and sufficient condition of a local minimum, we define the Hessian

matrix of a twice differentiable function f as

f L %
0x10x1 0x10xy,
He(x)=| + -+ |. (3.11)
il A i
0x,0X1 0X,,0Xy

We now write the second-order Taylor expansion of f about a point x:
f(x) =~ f(x0) + Vf(x0)(x —x0) + %(x - xo)THf(xo)(x —Xp). (3.12)
At a stationary point x*, we have V f(x*) = 0 and
£l % Fx) + 50— 2) Ty () (x = x°). (3.13)

If Hy(x*) is positive definite (i.e., x' Hpx > 0 for all x # 0 or equivalently all
eigenvalues are real and positive), then f(x) > f(x*) for all x close to x*. This
implies that x* is a local minimum. We formally write the second-order optimality

condition below, which is necessary and sufficient.

Theorem 3.10 (Second-Order Optimality Condition). If (and only if) H¢(x*) is

positive definite, then the stationary point x* is a local minimum of f.
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We can use the second-order optimality condition to test if a stationary point is
a local minimum without knowing the existence of any other stationary points. If
we know more about the function f, we can make even stronger statements about
the optimum. One important property of f that is often exploited is convexity;
this also leads to an important class of optimization problems, which we cover
in Section 3.4.3.

3.3.3 Algorithms for Solving Unconstrained Problems

In this subsection, we outline two algorithms for solving the unconstrained

optimization problem, gradient descent and Newton’s method.

Gradient Descent. =~ One common method for solving an unconstrained
optimization problem is gradient descent, which iteratively updates the solution
for the unconstrained optimization problem by taking a step along the direction of

the steepest descent.

Let X = x( be an initial guess of the optimizer for the unconstrained problem.

The gradient descent algorithm iteratively updates the solution ¥’ as follows:
Al —aVTf(R, (3.14)

where [ denotes the iteration number, and « > 0 is the step size, which can be either
fixed or determined via line search methods (Remark 3.12). The algorithm repeats

until a stopping criterion is met (Remark 3.13).

Remark 3.12 (Line Search Methods). Given a search direction v/ (e.g., the negative
gradient direction in the case of gradient descent), the idea of line search is to
determine the optimal step size a that would maximally reduce the value of the
objective function:

a =min f(F +a'0"). (3.15)

/>0

The optimized a from the exact line search in (3.15) yields an iterate ¥'*! =
X' + av' that is at least as good as the current one (ie., f(¥'*!) < f(3'). In
practice, for a generic objective function f(x), it can be expensive to solve the one-
dimensional problem in (3.15) exactly at each iteration; inexact methods such as
backtracking [11] are often used to find a sufficiently good step size that balances

between computational efficiency and convergence performance.

Remark 3.13 (Stopping Criterion). There are several ways to define a stopping
criterion. Two common approaches are based on the change in the objective

function value or the change in the solution between consecutive iterations (e.g.,
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(1) — f(&)|]2 < eor ||¥*! — *||2 < e with & being a small positive number).
Besides these two criteria, a maximum number of iterations is often specified as a
supplementary criterion to limit the overall computation budget and/or prevent

running into infinite loops.

Note that, in general, the objective function f(x) can be highly nonlinear (e.g.,
as in neural network optimization problems), and the optima found by numerical

methods such as gradient descent are only local optima.

Newton’s Method. Gradient descent is a first-order method. Newton’s method
is an alternative algorithm for solving an unconstrained optimization problem
by further leveraging second-order information. To apply Newton’s method,
we assume that the objective function f is twice differentiable. Intuitively,
Newton’s method iteratively solves the unconstrained optimization problem by
approximating the objective function using a second-order Taylor expansion about

the current guess of the solution.

The second-order Taylor expansion of the cost function f about a point x is

F(x) % F(x0) + Y (0)(x — 30) + 5 (x— ) Hy (o) (x — %), (3.16)

where H(xo) denotes the Hessian of f evaluated at xo. We can find the minimum
of the second-order approximation (3.16) by taking the derivative with respect to x
and setting it to zero:

Xt =xp— Hf‘l(xo)VTf(xo). (3.17)

Note that x* is a minimum (of the approximated problem) only if the Hessian
matrix Hy(x) is positive definite.

Similar to gradient descent, let ¥ = x( be an initial guess of the optimizer for
the unconstrained problem. Newton’s method iteratively updates the solution x
as follows:

e ¥ —aH (F)VIf(R), (3.18)

where &« > 0 is the step size that is often determined through line search
methods (Remark 3.12). The algorithm repeats until a stopping criterion is
met (Remark 3.13).

Note that the solution to the second-order approximation does not involve a. A
line search on & ensures that, at each iteration, the new iterate is at least as good
as the previous iterate. In the case of Newton’s method, the line search direction is
given by v = —Hfl(fl)VTf(fl).
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As compared to (3.14), Netwon’s method effectively scales the update along
each dimension of x based on the inverse of the Hessian matrix. Newton’s method
converges faster than gradient descent because of the additional second-order
information. Generally, Newton’s method has quadratic convergence if we start
close enough to a stationary point x*, whereas the gradient descent algorithms
typically have sublinear or linear convergence rates depending on the properties
of the objective function. That being said, computing the inverse Hessian matrix in
practice can be expensive, and there exist approximations to speed up computation
(see, for example, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm).

<[> See Jupyter notebook 3.1 example 1.1 for the examples of unconstrained

optimization.

3.4 Constrained Optimization

In this section, we start with equality-constrained problems and then derive first-
order optimality conditions for the general constrained optimization problem
in (3.2).

3.4.1 Optimization with Equality Constraints

We first consider a problem with a single equality constraint and derive an

optimality condition for this simplified problem:

min f(x)
x (3.19)
subjectto  h(x) =0,

where x € R” is the optimization variable, f : R" — R is the objective, and & :
R" — R is the constraint function. We show that the gradient Vf(x) and the

gradient Vi (x) must be collinear at the location of a minimum:
Vf(x*)+AVh(x*) =0, (3.20)

where A € R. An illustration is shown in Figure 3.1.

To see why an optimum of the equality-constrained problem needs to
satisfy (3.20), we make two observations. For convenience, we define S =
{x | h(x) = 0} as the set of points x satisfying the equality constraint and consider
two points x* € S and x = x* + éx € S, where dx is an infinitesimal change in x

along the curve h(x) = 0.
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minimum of f(x) equality constraint /1 (x) = 0

level curves of f(x)

where f(x) = constant ox

minimum of the
constrained problem

Vh(x)

Figure 3.1: An illustration of the stationarity condition for the equality-constrained problem in (3.19).
The ellipses in blue are the level curves of f(x), and the curve in red shows the equality constraint.
The blue star is the minimum of the unconstrained problem, while the grey star is the minimum of
the constrained problem. For the unconstrained problem, the optimum needs to satisfy the condition
that Vf(x*) = 0; analogously, for the equality-constrained problem, the optimum needs to satisfy
Vf(x*) + AVh(x*) = 0, which means that V f(x) is collinear with Vi(x) at x = x*.

* By performing a first-order Taylor expansion about x*, we can show that
h(x) —h(x*) = Vh(x") éx. (3.21)
As x*,x € S, we have h(x) — h(x*) = 0 and thus
Vh(x*)dx -0 as x — x*. (3.22)

This implies that to have x staying on the line #(x) = 0 (i.e., satisfying the
equality constraint), we must move it in a direction that is orthogonal to
Vh(x*). In general, for a point to stay on a level curve (e.g., h(x) = c with ¢
being a constant), it must move in a direction that is tangent to the level curve,
which is orthogonal to the gradient of the function evaluated at the point (i.e.,

Vh(x)).

* Suppose x* is a local minimum of the constrained problem. Then,
Vf(x*)éx -0 as x—x". (3.23)

Intuitively, if Vf(x*) and dx are not orthogonal, then we can move along
h(x) = 0 towards the greatest descent direction —V f(x*) to find a lower
f(x), which contradicts the fact that f(x*) is optimal. We only stop when the

two directions are orthogonal.

Since dx is an arbitrary infinitesimal step along the curve h(x) = 0, by combining
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(3.22) and (3.23), we conclude that Vf(x) and Vh(x) must be collinear at an
optimum x*, which leads to (3.20). This is a condition that needs to be satisfied
by an optimizer of the constrained problem (3.19). Note that A is often referred to

as the Lagrange multiplier.

Motivated by the fact above, we define the Lagrangian,
A(x,A) = f(x) + Ah(x), (3.24)

associated with the constrained problem (3.19). Let (x*, A*) be a critical point of the
Lagrangian A(x, A). The critical point of the Lagrangian A(x, A) satisfies

JA
oA x=x*, A=A*
A
oA = Vf(x*) + A*Vh(x*) = 0. (3.26)
ox X=x*, A=A*

The condition in (3.25) is the feasibility condition of the equality-constrained
problem, and the condition in (3.26) is the stationarity condition we derived above.
In general, critical points of the Lagrangian are critical points of the constrained
problem (3.19).

We can extend the above result to a more general case where we have multiple
equality constraints (i.e., when & : R" — RY).

Theorem 3.11 (Method of Lagrange Multipliers). The critical points of the equality-

constrained optimization problem are the critical points of the Lagrangian

N
A(x,A) = f(x) + ATh(x) = f(x) + }_ Aihi(x) (3.27)
i=1
with respect to both x and A, where h(x) = [h1(x), ha(x), ..., hn(x)]7 is the vector of

equality constraints and A = [A1, Ay, .., A N]T is the Lagrange multiplier vector.

Remark 3.14 (Method of Lagrange Multipliers). By applying Theorem 3.11, we can
convert an equality-constrained problem into an unconstrained problem, and any

unconstrained solver can be used to find the minima.
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3.4.2 General Constrained Optimization

We now return to the general constrained optimization problem in (3.2) and
introduce the corresponding optimality conditions. Analogous to the equality-

constrained problem, we define the Lagrangian of the general constrained problem

as follows:
N M
A(x, A, ) = f(x) +ATh(x) + g (x) = f(x) + 21 Aihi(x) + Z% wigi(x),  (3.28)
i= j=

where A = [A1, A, ..., AN]T and p = [u1, 42, ..., um]" are the Lagrange multiplier
vectors associated with equality and inequality constraints, respectively.

Primal Feasibility. Let x* be a critical point of the constrained problem in (3.2).

Then, x* has to satisfy all constraints:

hi(x*) =0, Vi={1,2,..,N}, (3.29)
gi(x*) <0, Vj={12,.,M} (3.30)

Complementary Slackness. For a general constrained problem, not all inequality
constraints are active (see Figure 3.2). We can account for this fact by adding the
following condition:

uigi(x) =0, Vj={1,2,..,M}. (3.31)

This condition requires either g;(x) or y; being zero. Intuitively, this implies that ()
if gj(x) is active (i.e., gj(x*) = 0), then we treat it like an equality constraint, and
(ii) otherwise, if g;(x) is inactive (i.e., gj(x*) < 0), then, we effectively ignore the
inequality constraint by letting y; = 0.

Stationarity. As motivated in the previous subsection, a critical point of the
constrained problem needs to satisfy the stationary condition. For the general

constrained problem, the corresponding stationarity condition is

N M
Vi) + Y AiVRi(x*) + Y ujVgi(x*) =0. (3.32)
: —~

=1 1=

Dual Feasibility. In addition to the conditions above, we also need to specify the
sign of the Lagrange multipliers associated with the inequality constraints. If x*
lies on the boundary of an inequality constraint (i.e., gj(x*) = 0), then we expect
that there is a way to further reduce f by violating the constraint g;(x) < 0. Since

f decreases in the direction of —V f(x*) and g increase in the direction of Vg(x*),

64 last revised: May 31, 2026



3.4. CONSTRAINED OPTIMIZATION

level curves of f(x)

inequality constraint g (x) <0
where f(x) = constant

when the inequality constraint is active, g(x*) =0  when the inequality constraint is inactive, g (x*) <0
(minimum of the constrained problem lies on the (minimum of the constrained problem is the
constraint boundary) minimum of the unconstrained problcm)

Figure 3.2: An illustration of active versus inactive inequality constraints. In general, not all
inequality constraints are active (i.e., influencing the value of the optimum for the constrained
problem). We thus differentiate the two cases: (i) when an inequality constraint is active, g(x*) = 0
(the minimum of the constrained problem lies on the boundary of the inequality constraint), and (ii)
when the inequality constraint is inactive, g(x*) < 0 (the minimum of the constrained problem is
simply the minimum of the unconstrained problem).

violating the constraint while decreasing f means
Vf(x*)VTgi(x*) <0. (3.33)

This condition tells us that, when the optimum of the unconstrained problem lies
outside the set g;(x) < 0 (i.e., the constraint is active), the gradients V f(x) and
Vg(x) face opposite directions at the optimum x = x* (i.e., we can further move
x* to reduce f by moving along the direction —V f(x*) if we do not care about

increasing the constraint value or violating the constraint).

On the other hand, by rearranging (3.32) and taking out the inactive inequality

constraints, we have

N
—Vf(x*) =Y AiVhi(x*) + Y uiVgi(x®), (3.34)

i=1 jeA

where A indicates the set of active inequality constraints. We then replace ;(x) = 0
by h;j(x) < 0and —h;(x) < 0 and augment the inequality constraints to g(x):

—Vf(x*) =Y. uivg(x*), (3.35)

jEAT

where AT indicates the set of active inequality constraints augmented with the

ones corresponding to the equality constraints. Geometrically, —V f(x*) represents
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the direction of steepest descent. For x* to be a local minimum, there cannot exist
any feasible descent direction. Consider an infinitesimal step dx originating from
x*. To remain feasible with respect to all constraints in our augmented active set,
this step must not point outward from any boundary, meaning Vg;(x* )T6x < 0 for
all j € A™. By taking the inner product of our augmented stationarity condition

with this feasible step dx, we obtain

—Vix*)Tox =Y ujVgi(x*)Tox. (3.36)
jEAt S——~—
<0 20

If we move in the feasible direction dx, the objective function cannot strictly
decrease (due to the optimality of x*). Therefore, the directional derivative must
be non-negative (i.e., Vf(x*)Téx > 0), which implies —V f(x*)Téx < 0. Under
appropriate regularity conditions (e.g., linear independence of the active constraint
gradients at x*), for the sum on the right side of the equation to be guaranteed
non-positive for any valid feasible step dx, every multiplier y; must be non-
negative. Intuitively, if any y; were negative, there would exist a valid step dx that
decreases the objective function without violating constraints, which contradicts
the optimality of x*. Therefore, all multipliers in the augmented set must satisfy

}l]'ZO.

Note that, for the original equality constraints, combining the non-negative
multipliers of ;(x) < 0and —h;(x) < Oyields a net multiplier A; = ;" — ", which
has an unconstrained sign. Moreover, for the inactive inequality constraints (i.e.,
j &€ A), complementary slackness requires y; = 0, which trivially satisfies y; > 0.
Overall, the Lagrangian multipliers associated with the inequality constraints of

the original constrained problem (3.2) need to satisfy
Wi >0, Vje{1,2,..,M} (3.37)

A more formal derivation of the conditions can be found in [12, Ch. 3.1-3.3].

The collection of the conditions above results in the Karush—-Kuhn-Tucker

(KKT) conditions of the general constrained optimization problem.

Theorem 3.12 (KKT Conditions). Consider the general optimization problem
in (3.2). The vector x* € IR" is a critical point for the constrained optimization
problem when there exist A € RN and u € RM such that
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(i) g(x*) <0and h(x*) =0, (primal feasibility)
(ii) (Vj) pu;8i(x*) =0, (complementary slackness)
(i) Vf(x*) + XN, AiVhi(x*) + Zjl\il #;Vgi(x*) =0, and (stationarity)
(iv) (Vj)puj > 0. (dual feasibility)

Remark 3.15 (Optimality Conditions of a General Constrained Problem). A critical
point of any constrained optimization problem with differentiable f, ;, and g; must
satisfy the KKT conditions. One way of determining whether x* is a local minimum
(not a maximum or a saddle point) is to compute the Hessian of f over the subspace

of R" in which x can move without violating the constraints.

Example 3.11 (KKT Conditions for Equality-Constrained Quadratic Problem).

Consider the following equality-constrained optimization problem:

min %xTHx + qTx +r (3.38a)
X
subjectto Ax =0, (3.38b)

wherex e R", He R"™", g R",re R, A € RN*" and b € RN. The matrix H is

symmetric positive definite.

The Lagrangian for the problem is

N
A(x,A) = %xTHx +qTx+r+ Y Ai(Ax —b);, (3.39)
i=1
=AT(Ax—b)

where A; are the Lagrange multipliers associated with the equality constraints. The
KKT conditions for the problem are

Ax* =b (3.40)
Hx* +q+ ATA* = (3.41)

with A* = [A], A5, ..., /\}k\I]T. In matrix form, we have
x* —q
= . 3.42
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As we discuss in the next section, the problem in (3.38a) is a convex quadratic
program, which has a unique optimal solution. The optimal solution can be found
by solving the linear system of equations in (3.42).

3.4.3 Convex Optimization

A special class of optimization problems is convex optimization. Convex
optimization problems are of significant importance because of their property
that local optimizers are also global optimal solutions. The optimization problem
in (3.2) is convex if the objective is a convex function (Definition 3.16) and the

feasible set is a convex set (Definition 3.17).

Definition 3.16 (Convex and Strictly Convex Function). A function f : R” — R is
convex (Figure 3.3) if it satisfies

flaxi+ (1 —a)xx) <af(x1)+ (1—a)f(x2), (3.43)

where a € [0,1] and x1,x, € R". The function is strictly convex, if the inequality
in (3.43) holds with strict inequality for all & € (0,1) and x1 # x».

flx) 4

X ax;+ (1 —a)x, X

Figure 3.3: Example of a convex function.

Definition 3.17 (Convex Set). A set X" is convex (Figure 3.4) if every point on the
line segment connecting two arbitrary points in X’ lies in X

ax1+(1—a)x; € X, (3.44)

where a € [0,1] and x1, x; € X.
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X2
X2

X1

convex set nonconvex set

Figure 3.4: Example of a convex set (left) and a nonconvex set (right).

Definition 3.18 (Affine Functions). A function f : R" — R of the form f(x) =
alx — b is called an affine function, where a and b are parameters with consistent

dimensions.

Theorem 3.13 (Convex Feasible Set). The problem in (3.2) has a convex feasible
set X if the equality constraint functions h; are affine and the inequality constraint

functions g; are convex.

Proof. Consider two points x1,x, € X. Let x = axy + (1 — a)xp with w € [0,1]. For
convexity, we need to show that x € X'. Since the equality constraints are affine,
we have h;(x) = alx —b; = al (ax; + (1 —a)xp) — (a + 1 — a)b; = ahy(x1) + (1 —
a)h;(x2). Moreover, since x1,x, € X, hi(x1) = h;j(x2) = 0 and thus h;(x) = 0. Next,
since the inequality constraints are convex, we have gj(x) = gj(ax; + (1 —a)x2) <
agi(x1) + (1 — a)gj(x2). Similarly, since x1,x2 € &, gj(x1) < 0and gj(x2) < 0,
which imply g;(x) < 0. These two arguments together show that x is a point in the
feasible set, and hence X is convex. O

Equipped with the result above, we can write the standard form of a convex
optimization problem as follows:

min  f(x)

subject to aiTx -b;=0, Vi={1,2,.., N}, (3.45)
gi(x) <0, Vj={12,., M},

where x € R" is the optimization variable of the problem, f : R" — R and g; :

R" — R are convex functions, and 2; € R" and b; € R are parameters associated
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with the i-th equality constraint. As hinted earlier, convex optimization problems

possess unique properties, which we now introduce more formally below.

Theorem 3.14 (Global Optimality of Solutions to Convex Problems). If f is convex

and the feasible set A’ is convex, then any local minimum is also a global minimum.

Proof. Suppose x] € X is a local minimum. By definition, this means that for every
point x € X in the neighbourhood of x;, we have f(x]) < f(x). We further assume
that there exists a global minimum x3 € X such that f(x;) < f(x}). Consider a
point x = axj + (1 — a)x3 with a € (0,1) being sufficiently close to 1 such that x
is in the neighbourhood of xj. Since the set X is convex, it follows that x € X.
By convexity of the objective function, we have f(x) < af(x])+ (1 —a)f(x3).
Furthermore, since f(x3) < f(x}), wehave f(x) < af(x])+ (1 —a)f(x]) = f(x7]),
which leads to a contradiction that x] is a local minimum. Thus, by contradiction,

this shows that if a point x] is a local minimum, it is also a global minimum. O

The convexity of an optimization problem does not always mean that the
problem is well-posed (i.e., the existence of a solution). For instance, with a linear
objective function f(x) = x or an exponential objective function f(x) = exp(x)
subject to a linear constraint g(x) = x < 0, the problem is either not bounded
from below or does not attain a minimum over the feasible set. Moreover, when a
solutions exist, it may not be unique. As a trivial example, the constant f(x) = 0
would admit an infinite number of optimal solutions. In general, the more structure
we know about the objective function and the feasible set, the more we can
conclude about the properties of the optimal solution(s) in a convex optimization
problem.

Theorem 3.15 (Uniqueness of the Global Minimum for Strictly Convex Problems).
If f is strictly convex and the feasible set A is convex, then the optimization
problem possesses at most one (global) minimum.

Proof. Suppose x;,x; € X are both (global) minima of the objective function f(x)
in the feasible set X and x] # x;. Consider a point x = ax] + (1 — a)x; with
a € (0,1). Since the set X is convex, it follows that x € X. By strict convexity,
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we have f(x) = f(axj + (1 —a)xj) < af(xj)+ (1 —a)f(x3). Since both x} and
x; are (global) minima of the constrained problem, f(x7) = f(x3). This implies
flx) <af(x)+ (1 —a)f(x;) = f(x7) = f(x3), which contradicts the fact that x}
and x3 are (global) minima. Thus, by contradiction, if xj is a (global) minimum, it

is the unique (global) optimum in the feasible set X O

Remark 3.16 (Existence and Uniqueness of Solutions to Convex Problems). From
Theorem 3.14, we know that all local minimizers of convex problems are global
minimizers. Theorem 3.15 further shows that if the objective function is strictly
convex, then any existing minimizer is the unique global minimizer. However, the
existence of a solution is not guaranteed solely by the convexity or strict convexity
of the problem (see the counterexamples above Theorem 3.15). Additional
conditions (e.g., the compactness of the feasible set or the radial unboundedness of
the objective) are needed to ensure that the problem is well-posed and a minimum

over the feasible set exists.

There are different subclasses of convex optimization problems. Below, we
introduce two common types for which solutions can be obtained efficiently in

practice.

Linear Program (LP). The optimization problem in (3.2) is a LP if the objective and

the constraint functions are linear in x:

min c’x+d (3.46)

X
subjectto Ax=1» (3.47)
Gx 2w, (3.48)

wherex € R, c € R, d € R, A€ RN, b € RN, G € R"*", w € RM, and “<”
denotes the generalized inequality with respect to the non-negative orthant (or,
elementwise comparison). All LPs are convex optimization problems; any existing

solution(s) to an LP are global minima.

Quadratic Program (QP). The optimization problem in (3.2) is a QP if the objective

function is quadratic in x and the constraint functions are linear in x:

min %xTHx +qTx+r (3.49)

X
subjectto Ax=1» (3.50)
Gx 2w, (3.51)
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wherex € R", H € R"™", g € R, r € R, A € RV b € RN, G € RM*", and
w € RM. The QP is convex if H is symmetric positive definite. In this case, if the

feasible set is not empty, then the QP admits a unique optimal solution.

<[> See Jupyter notebook 3.1 example 2.1 for an example configuration of QP
solver.

Example 3.12 (Convex Problem Reformulations). Consider a slightly modified

mobile robot goal-reaching problem:

2
lr[?’ibﬂ k; || (3.52a)
subjectto  xji1 = xx+u, Vke€{0,1} (3.52b)
X0 = Xo, X2 = Xg (3.52¢)
—1<u <1, Vked{01}, (3.52d)

where x; € R is the robot position, u; € R is the velocity input, Xy € R is the initial
position, and x; € R is the desired goal position at the final time step. As compared
to our earlier setup, the quadratic cost function is replaced by the ¢;-norm of the
vector of inputs over the task horizon (i.e., ||u||; = 2,1{:0 lug| with u = [ug, u1]7),
and the goal state is now enforced as a hard constraint. We can reformulate this
problem as an LP. For convenience, we rewrite the constraints in (3.52b)-(3.52c)

and in (3.52d), respectively, as follows:

Au=1b with A=1] and b= Xg — Xo, (3.53a)
I

Gu 2w, with G, = 21 ] and w, = 14, (3.53b)
—1I

where u = [up, ul]T is the augmented input vector, I, € R°*® denotes an identity
matrix, and 1; € IR® denotes a column vector of ones. The constraint in (3.53a)
can be derived by “simulating” the dynamics forward: x; = ¥ + up and x; =
Xo + up + u1. The constraint (3.53b) is the augmentation of the lower and upper
input constraints with G,u = [ug, u1, —uo, —u1] u capturing the input variables to be
upper- or lower-bounded at each time step and G, defining the values of the upper

and lower bounds.
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The optimization problem in (3.52) can be equivalently written as

min 139 (3.54a)
subjectto Au=1» (3.54b)
Gaut < Wy (3.54¢)

luil = q:, Vie{0,1}, (3.54d)

where ¢ = [g0,41]7 is an auxiliary variable, and the subscript i denotes the i-th
component of the vector. By noting that the constraint in (3.54d) can be replaced
by two inequality constraints u < g and —u < g (or, u; < g; and —u; < g; for

i = {0,1}), we have the following equivalent LP for the original problem in (3.52):

%n 114 (3.55a)
subjectto Au=1» (3.55b)
Gyu =< wy, (3.55¢)
Gpu = wy, (3.55d)
where
G, = | 2 ] and w, = H : (3.56)
—b q

Now, what if the cost function in (3.52) is replaced by the infinity norm of u (i.e.,
[|u||e = max; |u;])? We can similarly introduce an auxiliary variable g € R to help

us rewrite the problem as an LP:

min g (3.57a)

L2
subjectto Au=1» (3.57b)
Gau < wy, (3.57¢)
max u;| <gq, Vie{0,1}. (3.57d)

Note that the maximization in (3.57d) can be enforced by |u;| < ¢ for all i.
Intuitively, this means that, if all elements satisfy the upper bound, then the
maximum value of the elements also satisfies the upper bound. Analogous to the

l1-norm minimization case, we can further replace the absolute operator with two
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inequality constraints to arrive at the following LP:

nLrll/iqn q (3.58a)
subjectto Au=1» (3.58b)
Gau = wy, (3.58¢)

Gyu =X wy, (3.58d)

where Gy, is the same as that in (3.56) and w;, = g14.

3.4.4 Algorithms for Solving Constrained Optimization Problems

In this subsection, we introduce two algorithms for solving constrained

optimization problems.

Barrier Methods

One approach to solving the optimization problem is through barrier methods.
The idea is to incorporate constraints into the objective function as barrier or
penalty functions and perform unconstrained optimization. As an example, for
an inequality-constrained problem, we could minimize an “augmented” objective

function as follows:
folx) = f(x) —plog (—g(x)). (3.59)

Notice that for a strictly feasible point, g(x) < 0, which makes —g(x) a positive
number. As the solution approaches the constraint boundary (g(x) — 07), the
term —log ( — g(x)) approaches oo, creating a steep penalty that prevents the
optimizer from leaving the feasible set. A minimizer of f,(x) gets arbitrarily close

to a minimizer of the constrained problem when the barrier parameter p — 0.

Barrier methods turn a constrained problem into an augmented unconstrained
problem and iteratively solve the unconstrained problem. In an interior-point
method, the initial point must be strictly feasible. In each iteration, the barrier
parameter p is decreased, which allows the optimal solution of the subproblem to
approach the constraint boundary more closely. This approach works naturally for
inequality constraints (see Figure 3.5); however, when p is small, the Hessian of f,

can become increasingly ill-conditioned.
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Figure 3.5: An illustration of barrier methods for an inequality-constrained problem. The original
inequality-constrained problem with objective f(x) and inequality constraint g(x) < 0is turned into
an unconstrained problem where we minimize a modified objective function f,(x) that includes an
additional term penalizing constraint violations.

Sequential Quadratic Programming (SQP)

Another approach for solving the general nonlinear optimization problem in (3.2)
is to iteratively approximate the nonlinear problem by a QP. We briefly summarize
the key steps of a typical SQP algorithm below and provide further explanations of

its individual components thereafter:

e Initialization: An initial guess of the optimal solution x° (e.g., a point in the
feasible set, or alternatively, the solution to the unconstrained problem) and

initial guesses of the Lagrange multipliers (A?, i%): The superscripts of ¥ denote

) the iteration number.
e Recursion! = {0,1,...}:

1) Second-order Taylor expansion of the Lagrangian A(x, A!, 7i') about %

2) First-order Taylor expansion of the constraints h;(x) and g;j(x) about X'

3) Solve the resulting QP and obtain values of the new iterate:

P ¥ pad?, A A tasd!, and @ — i +aofl,
(3.60)

where (6%,6A!,671') are the update directions of the primal and dual
variables determined based on the solution to the QP subproblem, and
« is the step size that is usually determined through a line search based

on a merit function ¢, (x, A, )

4) Repeat till convergence (termination condition based on optimal value

or optimal solution)

If the nonlinear optimization problem in (3.2) is convex, then ¥ converges to a
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local/global minima x* as the number of iterations / tends to infinity; if the problem
is nonconvex, then under some assumptions (e.g., a sufficiently good initial guess
and specific properties of the Hessian in the approximated subproblem), it can be

shown that ¥’ converges to a local minimum x* [13].

QP Subproblem Formulation. The SQP method offers an intuitive approach
to solving nonlinear programs by iteratively approximating them with simpler
QP subproblems. A central challenge, however, lies in designing appropriate
subproblem approximations. A naive approach is to perform a second-order Taylor
expansion of the objective and a first-order Taylor expansion of the constraints.
While straightforward, this can result in unbounded quadratic subproblems. A
more common variant of SQP uses, instead, a second-order approximation of the

Lagrangian to better account for the nonlinear nature of the constraints:

min %(5371 VTHA (R, AL i) 6% + VAR, AL i) ox! (3.61a)
o7

subjectto  Vh(¥)6x + hi(¥) =0, Vi={1,2,.. N}, (3.61b)

Vgi(¥)ox +gi(¥) <0, Vj={12..,M}, (3.61c)

where 6% = x — ¥ is the decision variable, H A(J?l,xl,ﬁl) is the Hessian of the

Lagrangian with respect to x evaluated at the current iterate, and VA(fl ,7\1, ﬁ’),
and Vh;(¥'), V g (x') are, respectively, the gradients of the Lagrangian, the equality
constraint functions, and the inequality constraint functions with respect to x
evaluated at the current iterate. While the two formulations, approximating
the objective or the Lagrangian, are equivalent in the case of linear constraints,
the Lagrangian-based formulation often improves the numerical stability of the
algorithm in more complex, nonlinear constraint settings. The convergence of the
SQP algorithm depends on how the sequence of Hessian matrices is generated in
the sequence of QP subproblems [13]; intuitively, the Hessian of the Lagrangian
offers a better approximation of the original constrained optimisation problem as

compared to the Hessian of the objective function alone.

A more commonly seen SQP formulation, which builds on (3.61), is given by

min %(5371)THA(551,7\’, )67 + V F(3)d (3.62)

ox!

subjectto  Vh(#)6x + hi(¥) =0, Vi={1,2,.. N}, (3.62b)
Vgi(¥)ox +gi(x) <0, Vj={12,..,M}, (3.62¢)
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which is equivalent to (3.61) in the absence of inequality constraints. An
assumption that justifies this formulation is that the set of active inequality
constraints is known in advance, which allows us to treat the active constraints

as equality constraints and ignore the inactive ones.

Lagrange Multipliers. The QP subproblem approximation, in particular, the
Hessian matrix relies on the knowledge of the Lagrange multipliers of the original
constrained optimization problem. One approach to approximate the Lagrange
multipliers at each iteration is to update them based on the optimal Lagrange

multipliers of the QP subproblem (/N\élp, ﬁflp)

AL e— A asd! with oA = AL - X! (3.63a)
A e— i+ aop! with o = i, — 7. (3.63b)
Besides the update rules above, there exist other variants that are formulated to
achieve better theoretic convergence properties in the proximity of the optimal

solution.

Line Search. In addition to leveraging the Lagrangian to better account for
constraints in the second-order cost approximation, performing a line search over
the step size a can also further improve the convergence of the SQP to the optimal
solution. Typically, the step size is optimized based on a merit function ¢ such that

the following condition is satisfied:
AN Y < o (AL with 7 =7+ i, (3.64)
Po Z Po Z

where p > 0 is a constant parameter. One typical merit function for equality-

constrained problem is the augmented Lagrangian function:

Pp(x,A) = £(x) + Y Aihi(x) + £ Y A (li(x))?, (3.65)

i=1 i

N[

N N
=1

which is the Lagrangian augmented with an additional term that penalizes
constraint violations. For desired convergence behaviour, the parameter p is often

chosen to be sufficiently large.

<[> See Jupyter notebook 3.1 example 2.3 for an example implementation of SQP

solver.
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Chapter Summary

Optimization Fundamentals

¢ General Optimization Problem: A generic optimization problem can be
written as
min f(x)
X
subjectto  h;(x) =0, Vi={1,2,.. N}, (3.66)
gi(x) <0, Vj={12,., M},

where x € R" is the optimization variable of the problem, f : R" — R is
the objective function, and k; : R" — R and g; : R" — R are the equality

and inequality constraint functions, respectively.

¢ Unconstrained Optimization: For an unconstrained optimization

problem, we have two optimality conditions

- First-order optimality condition (necessary condition): If x* is a
local minimum of f : R" — IR, then x* is a stationary point with
Vf(x*) =0.

- Second-order optimality condition (sufficient condition): If (and
only if) Hy(x*) is positive definite, then the stationary point x* is

a local minimum of f.

* Numerical Algorithms for Unconstrained Optimization: Common
numerical methods for solving an unconstrained optimization problem
include gradient descent (first-order method) and Newton’s method
(second-order method). Higher-order methods generally have better
convergence properties; however, these methods can be more compu-
tationally expensive (e.g., computing the Hessian matrix). There exist

approximate approaches in practice to speed up computation.

¢ Constrained Optimization: The Lagrangian for a general constrained

optimization problem is

N M
A(x, A p) = f(x) + ATh(x) +u'g(x) = f(x) + ):1 Aihi(x) + X; 1igj(x),
i= j=

(3.67)
where A = [A1,Ag,...,AN]T and p = [p1, p2, ..., um]" are the Lagrange
multiplier vectors associated with equality and inequality constraints,

respectively. The Karush-Kuhn-Tucker (KKT) conditions provide a set
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of necessary optimality conditions for constrained optimization. In
particular, the vector x* € IR" is a critical point for the constrained

optimization problem when there exist A € RN and u € RM such that

(i) g(x*) <0and h(x*) =0, (primal feasibility)
(ii) (Vj) ujgi(x*) =0, (complementary slackness)
(i) Vf(x*) + XN AiVhi(x*) + TM, 4 Vgi(x*) = 0,and  (stationarity)
@iv) (V) u; > 0. (dual feasibility)

Numerical Algorithms for Constrained Optimization: Numerical
algorithms for constrained optimization often require approximations
of the original problem into simpler problems (e.g., turning it into
unconstrained subproblems or convex subproblems). Two examples
are the barrier method and the sequential quadratic program (SQP)
approach.
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3.5 Exercises

Exercise 3.1 (Short Questions). For the problems below, select the options that best

answer each question and justify your selections.

a) What are the advantages of Newton’s method compared to gradient descent?

(A) Gradient descent requires computing the Hessian matrix, whereas

Newton’s method does not.

(B) Newton’s method is guaranteed to converge to the global optimum,

whereas gradient descent often gets stuck in a local optimum.

(C) In contrast to gradient descent, Newton’s method uses not only
first-order but also second-order information and, therefore, usually

converges faster.

(D) Line search can be used for Newton’s method but not for gradient

descent.

b) Consider an unconstrained optimization problem where the objective is the
Rosenbrock function. We solve this problem using three methods: (i) gradient
descent with a smaller initial step size, (ii) gradient descent with a larger
initial step size, and (iii)) Newton’s method. All algorithms are initialized from
the same starting point (orange dot), but exhibit different behaviours as they
converge towards the optimum (red star). Based on the plots below, which of

the following convergence trajectories corresponds to Newton’s method?

(A) (B) ©)

c) Consider a generic differentiable function f(x). Which of the following
statements are correct?
(A) The function may possess multiple local minima.
(B) If local minima exist, they are also global minima.

(C) If the function has a stationary point x where V f(x) = 0 and H¢(x) >~ 0,

then x is a local minimum.
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(D) Even if the function possesses a global minimum, it is never possible to

determine it.

d) Consider an optimization problem where the objective is to minimize a
function f(x) subject to a set of N equality constraints h;(x) = 0 for i =
{1,2,...,N}. Which of the following statements are correct?

(A) We can convert the equality-constrained problem into an unconstrained
problem using the method of Lagrange multipliers.

(B) The Lagrangian can be written as A(x,A) = f(x) + XN, A;hi(x), where
A; is the Lagrange multiplier associated with the i-th equality constraint.

(C) The optimal solution (x*, A*) is a stationary point of the Lagrangian.

(D) The equality constraints may or may not be satisfied using the method

of Lagrange multipliers.
e) Which of the problems below is convex?

(A) minyer  exp(x)
subjectto  x?>1
(B) minyer  exp(x)
subjectto x? =1
(@) minger X
subjectto x? <1
(D) minger  exp(x)
subjectto  x? <1

f) Which of the following statements about convex problems are correct?

(A) Theset X = {x | Ax < b} is convex for every matrix A and vector b.

(B) If the objective function is strictly convex and the feasible set is non-

convex, the optimization problem is still convex.
(C) Every quadratic objective function f(x) = %xTHx +q " x + r is convex.
(D) A convex problem with inequality constraints cannot have more than
one optimal solution.
(E) Every local minimum of a convex problem is guaranteed to be a global

optimal solution.

g) Consider an optimization problem where the objective is to minimize f(x)
subject to equality constraints h;(x) = 0 fori € {1,...,m}, where x € R"
and f : R" — R, h; : R" — R. The Lagrangian function is defined as
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A(x,A) = f(x) + Y"1 Aihi(x), where A; are the Lagrange multipliers. Select

all true statements.

(A) The KKT conditions include the stationarity condition VA (x*,A*) = 0.
(B) The KKT conditions include the primal feasibility condition 4;(x*) = 0

for all i.

(C) For an equality-constrained quadratic program, the KKT conditions

reduce to a system of linear equations.

(D) The KKT conditions include the dual feasibility condition A} > 0 for
all 7.

h) Select all correct statements about barrier methods in constrained optimiza-
tion:
(A) Barrier methods solve unconstrained optimization problems by trans-
forming them into constrained ones.

(B) Barrier methods handle constraints by incorporating them into the

objective function through a barrier term.

(C) Barrier methods iteratively decrease the penalty until the constraints are

satisfied closely enough.

(D) The Hessian of the augmented objective function can be ill-conditioned.

i) Consider the optimization problem min,cg (x — 0.5)? subject to x> < 1.
Which of the following statements are correct?
(A) Theinequality constraint is inactive, and the optimal solution is x = 0.5.

(B) The optimization problem is convex; thus, any local minimum is also a

global minimum.
(C) The inequality constraint is active, and the optimal solution is x = —1.

(D) The optimization problem has an infinite number of optimal solutions.

j) Consider an optimal control problem for a nonlinear system, which is solved
using SQP. The nonlinear program is defined as follows: minimize f(x)
subject to h(x) = 0 and g(x) < 0, wherex € R", f : R" =+ R, h : R" — RV,
and ¢ : R" — RM. Select all true statements.

(A) SQP solves the nonlinear programming problem by iteratively solving a

sequence of QP subproblems.

(B) The QP subproblems in SQP can be derived from a second-order Taylor

series expansion of the Lagrangian.
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(C) For a nonconvex optimization problem, SQP converges to a local

minimum only if combined with line search.
(D) SQP can handle either equality or inequality constraints, but not both.
(E) None of the above

Exercise 3.2 (Constrained Optimization). Solving static constrained minimization
problems plays a central role in Optimal Control. In this tutorial, we recall
some basic techniques on how to deal with equality and inequality constraints in
optimization.

a) Minimize the function f(x1,x2) = 2x7 + x3 subject to the equality constraint

X1 +x =1
b) Minimize the function f(x;,x2) = (x1 —2)? + 2(x2 — 1)? subject to the
inequality constraints x1 4+ 4x; < 3 and x; > x.

¢) Minimize the function f(x1,x) = (x; + 1)?> + xp subject to the equality

constraint x; + xo = 4 and the inequality constraint x, > 0.

Exercise 3.3 (Constrained Open-Loop Optimal Control). Consider the discrete-
time system
Xrr1 = 0.5xk + ug,

with x;, u; € R for all k € Z. The initial state is assumed to be xg = 0, and a
constant reference trajectory r, = 1 for all k € Z is given. The cost function for a

horizon N is

(xx — ”k)2-

"
o

Il
—

a) Compute the optimal input sequence (u, 1}) that minimizes the cost function
J(uo, 1) for a horizon N = 2. After how many steps does x; reach the

reference trajectory ry?

b) Now, consider the input constraints uy < 0.75 and u; < 0.75. Solve the
constrained minimization problem for u; and u]. How many steps are now

required for xj to reach the reference trajectory ry?

Exercise 3.4 (Constraint Softening [14]).

a) Solve the following minimization problem with a hard constraint:
min f(x) subjectto h(x) <0,
X

where f(x) = x> —6x +11and h(x) = x — 1.
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b)

<)

d)

In practice, sometimes the hard constraints can be softened. The softened
minimization problem uses an additional penalty term I(e) and is defined
as

min f(x)+1(e) subjectto h(x) <e, €>0,

where € defines the degree of softness. The penalty term can be designed,
e.g., as a quadratic term defined as I(e) = v - €2 with v > 0. Solve a) with the

quadratic penalty and v = 1.

If the original problem has a feasible solution x*, then the softened problem
should have the same solution x* with € = 0. However, the quadratic penalty
does not meet this requirement for any v > 0. Alternatively, we can define
a linear penalty term as I(€) = u - €, which satisfies this requirement for u >
u* > 0, where pu* is the optimal Lagrange multiplier for the original problem.
Solve a) with the linear penalty and u = 5.

The disadvantage of the linear penalty is that it renders the function non-
smooth, making numerical optimization difficult. To still retrieve a smooth
penalty term in practice, we can combine the linear and quadratic penalty to
obtain [(€) = u-€+v-€> withu > p* > 0and v > 0. Solve a) with u = 5

and v = 1.
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